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Abstract
Baryons and Interactions in Magnetic Fields
by
Amol Deshmukh
Advisor: Professor Brian C. Tiburzi
The QCD external field problem allows one to probe the rich behavior of strongly in-
teracting systems under external conditions, including the modification of hadron structure
and interactions due to external electromagnetic fields. These dynamics, moreover, are likely
relevant to describe the physics in the interiors of magnetars and in non-central heavy-ion
collisions, for which large magnetic fields upwards of ∼ 1019 Gauss are conceivable. Ad-
ditionally motivated by lattice QCD calculations in external fields, we study the behavior
of single- and two-baryon (specifically, two-nucleon) systems in large magnetic fields. The
dependence of single-baryon energies on magnetic fields is explored using chiral dynamics.
Lattice calculations are argued to provide a valuable diagnostic on the chiral expansion for
baryons. In particular, we show the unsatisfactory state of predictions for hyperon magnetic
polarizabilities. Lattice calculations by the NPLQCD collaboration, furthermore, suggest
that the unitary limit of two-nucleon interactions may be attained by tuning an external
magnetic field. Toward the investigation of such universality using chiral effective field the-
ory, we study a model system of two heavy fermions interacting with a light, charged scalar
boson to address the modification of two-fermion interactions in large magnetic fields.
Dedicated to Alan and Omran.
v
“How strange it is, listen to this. How much is known after 200 years of studying physics?
How much is known about electrons, light, everything? And in order to understand the
nuclear forces, it’s almost certain that we are going to have to take a completely different
view about everything that we know already, philosophically, that is. We’re going to have
to find another way to look at the world in which everything that we’ve already found out
about is the way it is. And yet, that little detail about what goes on in the nucleus then falls
into place. It’s a very hard job. It’s lots of work. So, what do we do it for? Because of the
excitement, because of the fact that each time we get one of these things.. we have a terrific
Eldorado, we have a wonderful.. new view of nature. We see the ingenuity, if I may put it
that way, of nature herself, the peculiarity of the way she works. It takes a terrible strain
on the mind to understand these things and the real value of the development of the science
in this connection, the thing that makes me go on.. is this the difficulty of understanding it.
That these apes stand around and look at nature and find that to really catch on, they have
to polish their mind to the very last.”
– Richard Feynman, Strangeness Minus Three (1964)
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Chapter 1
Introduction
Studying the response of systems to external conditions is a central theme that appears in
many branches of physics. In quantum field theory, the external field problem was pioneered
long ago in the context of Quantum Electrodynamics by Schwinger [3], yet, in a deeply
insightful and modern way. A comprehensive overview of quantum field theories in external
magnetic fields appears in Ref. [4]. For Quantum Chromodynamics (QCD), the color fields
are confined within hadrons; but, the quarks nonetheless carry charges that couple to other
currents in the Standard Model. While the problem of QCD dynamics in the presence of
strong external magnetic fields is of considerable theoretical interest in itself, due to the
possibility of various novel phenomena, such as, magnetic catalysis and chiral magnetic
effects; the problem is also relevant for the studies of the early universe [5–7], magnetars [8–
10] and non-central heavy-ion collisions [11–13]. These developments are comprehensively
described in Ref. [12].
While relevant in certain physical environments, the external field problem also provides a
useful computational tool. For non-perturbative QCD calculations using lattice gauge theory,
the external field technique has proven valuable. Uniform magnetic fields, for example, were
employed in the very first lattice QCD computations of the nucleon magnetic moments [14,
1
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15]. Since then, calculations continue to exploit features of the external field technique, such
as: in computing electromagnetic polarizabilities [16–26], and, in computing the magnetic
properties of light nuclei [27–29]. Additional studies explore the behavior of QCD in large
magnetic fields, for example, the modification of nucleon-nucleon interactions [2], and effects
on the phase diagram of QCD [30–35]1. There is a caveat, however, in introducing external
electromagnetic fields for lattice computations: uniform magnetic fields on a torus are subject
to ’t Hooft’s quantization condition [37], which restricts such field strengths to satisfy eB =
6π n/L2, where L is the spatial extent of the lattice, n is an integer, and the factor of three
arises from the fractional nature of the quark charges. Assuming mπL ∼ 4, the allowed
magnetic fields satisfy eB/m2π ∼ 1.2n. Moreover, external field computations of hadron
properties require several values of the magnetic field. Thus, magnetic fields of the order of
eB/m2π ∼ 3–4 are implemented in lattice calculations for the extraction of polarizabilities,
which enter as a quadratic response to the magnetic field.
Motivated specifically by the prohibitive size of magnetic fields required in lattice QCD
computations and by the general problem of QCD in external fields, we study the modifica-
tion of baryon structure, as well as two-nucleon interactions, in the presence of strong uniform
background magnetic fields. We utilize the framework of chiral dynamics. This framework
can be used to study, in a model-independent fashion, the modification of vacuum, hadron
structure, and hadron interactions in large electromagnetic fields, see Refs. [38–44].
This thesis is organized as follows. In the next section of this chapter, we provide a
very brief review of the Standard Model (SM) and, in particular, Quantum Chromodynamics
(QCD). We will also discuss the symmetries of QCD that play a crucial role in describing low-
energy hadronic properties. In Chapter 2, we discuss fundamentals of Chiral Perturbation
Theory (χPT), which forms the above-mentioned framework to describe low-energy QCD.
1 For the extraction of certain electromagnetic properties, such as, spin polarizabilities and quadrupole
moments of hadrons, implementation of non-uniform background fields is necessary. For a construction of
non-uniform electromagnetic fields on a periodic lattices, see [36].
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Here, we discuss the modified power-counting scheme in the presence of background magnetic
fields that is the central tool for our calculations. In Chapter 3, we explore the behavior
of octet baryon energies in large magnetic fields. Chapter 4 is devoted to the analysis of
the modification of two nucleon interactions in large uniform magnetic fields. Much of the
material from these chapters has previously been published in:
• A. Deshmukh and B. C. Tiburzi, Octet baryons in large magnetic fields, Phys. Rev. D
97, 014006 (2018), Published by the American Physical Society.
1.1 Fundamentals
It is a remarkable testament to human curiosity and ingenuity that a wide variety of physical
phenomena find their natural explanation within the framework of the Standard Model (SM)
of particle physics. This theory successfully accounts for three of the four fundamental forces
observed in nature to date. The SM is a quantum field theory based on the gauge group
SU(3)C × SU(2)L × U(1)Y . While the SU(2)L × U(1)Y part of the theory describes and
unifies the electromagnetic and weak interactions, the SU(3)C component describes strong
interactions, which were first discovered through their manifestation in the strong nuclear
force. There are a handful of physical phenomena such as neutrino masses, dark matter,
and dark energy, for example, that do not find satisfactory explanations within the SM. In
fact, in light of the Wilsonian view of renormalization, the SM should only be considered
as an effective field theory, applicable to the length and energy scales probed by today’s
experiments.
The SM of particle physics contains spin-half matter fields (quarks and leptons), spin-
one gauge bosons (photon, W±, Z0, and gluons) that mediate interactions between matter
fields, and a spin-zero Higgs field. In this thesis, we will focus on the low-energy dynamics
resulting from the SU(3)C sector of the SM. The corresponding gauge theory that governs
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the interactions between quarks and gluons is termed Quantum Chromodynamics (QCD).
The charge associated with SU(3)C is called color. QCD explains how quarks and gluons
bind to form hadrons. Hadrons are the color-singlet composite objects made up of quarks
and gluons, and are the asymptotic states observed in experiments. The strong nuclear force
stems from residual interactions among quarks and gluons; and, in principle, can be derived
from QCD. The symmetries of QCD play a crucial role in the description of low-energy
properties and the dynamics of low-lying hadrons. Thus, in the next section we briefly
describe the essential ingredients of QCD and its symmetries.
1.2 QCD and Its Symmetries
As described in the previous section, QCD is the theory of strong interactions. It contains the
interactions between quarks and gluons, which are the fundamental constituents in bound
states called hadrons. In this section, we briefly describe the basics of QCD, including the
symmetries of QCD that are relevant at low energies.










where the field strength tensor GAµν is defined by
GAµν = ∂µA
A
ν − ∂νAAν − gsfABCABµ ACν , (1.2)
and the covariant derivative is specified by its action
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In the above equations, Einstein summation is implied for any repeated indices. The various
fields appearing in the Lagrangian are: ψq,a, which denotes a spin-half quark field for a quark
with flavor q, color index a, and mass mq; A
C
µ , which denotes spin-one gauge field which
corresponds to a gluon with an adjoint color index C; tCab, correspond to the 8 generators
of the SU(3)C group and are proportional to the Gell-Mann matrices; gs corresponds to
the coupling constant of QCD; and, finally, fABC denote the structure constants of SU(3)C .
Quark fields lie in the fundamental representation of the SU(3)C group, whereas gluon fields
lie in the adjoint representation.
Next, we analyze the symmetries of QCD. Invariance under translations, rotations and
constraints from special relativity demand the QCD action to be invariant under the group
of Poincaré transformations. As part of the SM, the QCD Lagrangian is invariant under
SU(3)C gauge transformations. The terms in the QCD Lagrangian have a similar form to
those of the Quantum Electrodynamics (QED) Lagrangian. A crucial difference is the gauge
group of these two theories. While the QED Lagrangian is based on an Abelian gauge group,
U(1) ⊂ SU(2)L × U(1)Y , the QCD Lagrangian is based on a non-Abelian group SU(3)C .
This non-Abelian nature of the gauge group adds non-trivial features to QCD, such as self
coupling of gauge boson particles, that are absent in QED. The massless, classical QCD
Lagrangian also possesses scale invariance, which is broken due to quantum fluctuations. A
manifestation of broken scale invariance at large energies is in the running of the coupling
constant, gs. Change in the coupling constant as a function of the energy scale is encapsulated






= −bg3s + . . . , (1.4)
where, µR refers to a renormalization scale and b is a positive constant depending on the
number of flavors and the number of colors. A consequence of this particular scale dependence
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is that the coupling constant vanishes in the short-distance limit [45, 46]. This behavior is
termed as asymptotic freedom. On the other hand, the coupling constant begins to grow
logarithmically as the distance scale is increased. Such behavior implies that perturbation
theory applied to quarks and gluons is of limited use in the long-distance, or equivalently
low-energy limit. The running of the coupling with energy leads to the existence of a scale,
ΛQCD, at which the interactions transition from perturbative to non-perturbative. At energy
scales much smaller than ΛQCD the strong interactions are strong. Physics in this regime is
the subject of this thesis.
Another symmetry that the QCD Lagrangian possesses is not exact but is an approximate
chiral symmetry. This symmetry, as we will explore more in later chapters, plays a crucial role
in the construction of the effective Lagrangian for low-lying hadrons and their interactions.
The masses of the up and down quarks are of the order of a few MeV, and the mass of strange
quark is ∼ 100 MeV. These masses are small compared to the natural scale in QCD, which
is ΛQCD ∼ 300 MeV. A useful theoretical limit to study QCD is the limit where one can
ignore these quark masses. In this limit (suppressing the color indices), the matter part of







where chiral components of the quark fields are ψq,L/R =
1
2
(1 ∓ γ5)ψq. Notice Eq. (1.5) is
invariant under U(3)L×U(3)R. This group of transformations can be written equivalently as,
SU(3)L × SU(3)R × U(1)V × U(1)A. Although classically the Lagrangian is invariant under
U(1)A transformations, the chiral anomaly makes the regulated quantum theory not invariant
under them. Additionally, the formation of a chiral condensate leads to the spontaneous
breaking of chiral symmetry. This condensate is a non-zero expectation value of ψ̄ψ and
it breaks the invariance of massless QCD from SU(3)L × SU(3)R down to SU(3)V . Chiral
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symmetry breaking plays a very important role in the spectrum of, and in constraining the
interactions between low-lying hadrons. Although, the exact dynamical mechanism of chiral
symmetry breaking is not known, we can make use of this symmetry breaking pattern for
the construction of an effective Lagrangian of hadrons. Goldstone’s theorem dictates that
with each broken generator of the symmetry group there is an associated massless particle
[47]. For the SU(3)L × SU(3)R −→ SU(3)V case, there are 8 broken generators, for which
the corresponding Goldstone modes are identified with the lowest-lying octet of mesons. In
the limit of vanishing quark masses, this octet of mesons would be massless. In the physical
world, the non-zero values of quark masses are responsible for small but finite masses of the
octet of mesons.
Within the particle and nuclear physics community, today, major experimental and theo-
retical efforts are devoted to solve and gain insights from QCD in the low-energy regime. The
growth of the strong coupling constant in the low-energy limit necessitates non-perturbative
treatment of QCD. Aside from phenomenologically based models of hadrons and nuclei, there
are two major complementary techniques that are widely used today to study the structure
and interactions of hadrons. They are Lattice Quantum Chromodynamics (LQCD) and Chi-
ral Perturbation Theory. LQCD, first proposed by K. Wilson [48] is a numerical technique
to solve QCD on discrete Euclidean space-time lattices using Monte Carlo techniques. It
makes use of the fact that a Wick-rotated discretized quantum field theory can formally be
treated as a thermal statistical mechanical system with appropriate boundary conditions. In
the last decade, LCQD has made remarkable progress in extracting the static and dynamic
properties of hadrons from first-principles numerical computations [49].
Central to this thesis is the second technique: Chiral Perturbation Theory (χPT). χPT
is an effective field theory which identifies the octet of low-lying mesons with the Goldstone
bosons emerging from spontaneous chiral symmetry breaking. One consequence of this
identification is that low-lying octet mesons couple weakly at low momentum to other mesons
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and baryons. As first systematized by Weinberg [50], an expansion in powers of momentum
of low-energy properties of hadrons is thus possible. Unlike LQCD, χPT does not allow one
to compute quantities from first principles. Instead, it provides a tool to parametrize and
understand the momentum, quark mass, and, as we shall see, magnetic field dependence of
low-energy hadron properties and interactions. The parameters of the χPT Lagrangian must
ultimately be determined from experiment or from LQCD results. Such model-independent
description has made χPT a very important tool in analyzing low-energy properties and
interactions of mesons and baryons. In the next chapter, we will provide a brief introduction
to χPT and extend applicability to the case of large external magnetic fields.
Chapter 2
Chiral Perturbation Theory
In this chapter, we explain the basics of Effective Field Theory (EFT) and the relevant
concepts such as power counting, cutoff scale, etc. We describe the necessary ingredients of
meson and baryon χPT, which is the appropriate EFT for low-energy QCD, and the central
tool of this thesis. Baryons are included utilizing the heavy-baryon framework. We then
augment the power counting to include a large magnetic field. This modified χPT allows us
to calculate the energies of the octet baryons in large magnetic fields which is the subject
of the following chapter. It also provides a framework to study the effects of large magnetic
fields on the interactions between two nucleons, which is the subject of Chapter 4.
2.1 Introduction
Formulation of dynamical laws for a physical system usually involves implicit assumptions
regarding the relevant degrees of freedom and the separation of length scales. A classic ex-
ample of this is the Newtonian framework that describes the dynamics of celestial objects.
Orbital motion of the planets in the solar system, for example, to a good degree of approxi-
mation, is calculated by approximating entire planets as point particles and only considering
9
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the gravitational force provided by the Sun. If one wishes to achieve better precision in
the trajectories of planets, one takes into account the interactions from other planets using
perturbation theory, which has a long history starting with Newton. A quantum mechanical
example is the Euler-Heisenberg effective Lagrangian which describes light-by-light scatter-
ing if the wavelengths of photons are much larger compared to the Compton wavelength
of the electron. This Lagrangian is formulated solely in terms of photon fields and the
short-distance effects due to the electron degrees of freedom are accounted for through local
multi-photon interactions that enter in the Lagrangian, the strength of which is governed by
a few constants that depend on powers of electron Compton wavelength.
The goal of EFTs is to turn such intuitive ideas into a precise mathematical framework.
The EFTs considered in this thesis are QFTs that provide an equivalent description of low-
energy physics below a certain cutoff scale Λ. The EFTs utilize only the low-energy degrees of
freedom but reflect the symmetries of a more fundamental, higher energy theory. The corner-
stone idea of EFTs is that the description of low-energy physics at the scale k  Λ does not
require the details of physics at the scale Λ. The effects from high-energy degrees of freedom
are accounted for through effective local interactions, whose short-distance details cannot
be resolved in low-energy physics. The strengths of these interactions are parametrized in
terms of so-called low-energy constants. Through integrating out the high-energy degrees
of freedom, one generates an infinite tower of operators in the effective Lagrangian. To
overcome this multitude of effective interactions, one formulates a power counting scheme
to organize the tower of operators according to their relevance at low energy. The outcome
is succinctly described in Weinberg’s ‘theorem’ [50]: “if one writes down the most general
possible Lagrangian, including all terms consistent with assumed symmetry principles, and
then calculates matrix elements with this Lagrangian to any given order of perturbation
theory, the result will simply be the most general possible S-matrix consistent with analyt-
icity, perturbative unitarity, cluster decomposition and the assumed symmetry principles.”
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Hence the EFT description is not a model of the low-energy physics, rather a systematically
improvable scheme.
In low-energy QCD, hadrons, instead of quarks and gluons, are the relevant degrees of
freedom. Ignorant of the details of confinement, one can construct an effective field theory
of QCD based on hadronic degrees of freedom. Chiral symmetry and its breaking play a
vital role in the construction of the effective Lagrangian and thus this EFT is called Chiral
Effective Field Theory, for which the groundwork was laid out by Weinberg in 1979 [50].
As mentioned in the previous chapter, the low-lying octet of mesons is identified as the
Goldstone bosons from the spontaneous chiral symmetry breaking in QCD. Due to their
Goldstone boson nature, mesons couple weakly to other mesons and baryons at low energies.
One can utilize this property of mesons to expand low-energy hadronic observables in powers
of k/Λχ, where k refers to a soft momentum scale, whereas Λχ refers to chiral symmetry
breaking scale, which is the cutoff of the effective theory. After the pioneering work of
Gasser and Leutwyler [51, 52], this EFT has been successfully applied to describe various
low-energy observables in the meson, single-baryon, and multi-baryon sectors.
2.2 Meson Sector
Having given an overview of low-energy EFTs for QCD, we provide details on the meson
sector of three-flavor χPT. In the three-flavor chiral limit, mu = md = ms = 0, the SU(3)L×
SU(3)R chiral symmetry of QCD is spontaneously broken to SU(3)V by the formation of
the quark condensate. The emergent Goldstone bosons, which are identified as the octet of
pseudoscalar mesons (π, K, η), are parameterized as elements of the coset space SU(3)L ×




























The parameter fφ is the three-flavor chiral-limit value of the pseudoscalar meson decay
constant.1
The low-energy dynamics of the pseudoscalar meson octet can be described in an effective
field theory framework, which is three-flavor χPT [52]. The chiral Lagrangian density is
constructed based on the pattern of explicit and spontaneous symmetry breaking. The
sources of explicit symmetry breaking are the masses, which are encoded in the matrix
mq = diag (m,m,ms). We work in the strong isospin limit, and accordingly use the isospin-
averaged quark mass m, which is given by m = 1
2
(mu+md). To organize the infinite number







where k is the meson momentum, mφ is the mass of the meson, and ε is assumed to be
small, ε  1. The cutoff scale of the effective theory, Λχ, can be identified through the
loop expansion as Λχ ∼ 2
√
2πfφ ≈ 1GeV. According to the above power counting, the O(ε2)





†∂µΣ)− λTr(m†qΣ +mqΣ†), (2.4)
1 Due to rather large SU(3)V breaking effects, we employ differing decay constants within each meson
isospin multiplet. This corresponds to a partial resummation of higher-order terms in the chiral expansion.
With our normalization, the values for charged-meson decay constants obtained from experiment are fπ =
130 MeV and fK = 156 MeV [1]. Note that fη is not required in this work.
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Expanding the Lagrangian to O(φ2) leads to the well-known relation between the masses of
mesons and the masses of quarks, i.e. m2φ ∝ mq. This relation justifies the appearance of
m2φ for the power counting in Eq. (2.3). Higher-order terms in the Lagrangian encode the
short-distance physics; but, these appear at O(ε4) in the power counting and will not be
required in our calculations.
Due to the pseudo-Goldstone boson nature of low-lying octet of mesons, they are weakly
coupled. In the strict chiral limit, scattering amplitudes for two-meson scattering vanish at
vanishing momentum because of the derivative coupling. χPT can, thus, be easily applied for
the extraction of physical properties in the two-meson sector. The leading-order ππ s-wave
scattering lengths, for example, can be computed by expanding the leading-order Lagrangian
(2.4) to O(φ4) [53].
2.3 Single-Baryon Sector
The näıve inclusion of baryons in the chiral Lagrangian introduces a large mass scale, the
baryons mass MB, which does not vanish in the chiral limit, i.e. MB ∼ Λχ. A systematic
way of treating baryons in the chiral Lagrangian is to treat them non-relativistically, and the
framework of heavy baryon χPT (HBχPT) proves especially convenient [54].2 Additionally,
in the three-flavor chiral expansion, inclusion of the spin-3/2 decuplet degrees of freedom
is necessary. The basic argument is as follows. One cannot justify the computation of Σ
baryon properties by retaining, for example, πΣ and KN loop contributions alone, because
the K∆ loop contributions represent those from an intermediate-state baryon lying below
the Σ. Furthermore, if one combines the three-flavor chiral limit with the large-Nc limit, then
both octet and decuplet degrees of freedom are required to produce the correct spin-flavor
2 Apart from the HBχPT approach that we use in this work, it is worthwhile to mention that there are
manifestly covariant approaches: infrared regularization [55, 56] and extended on-mass-shell renormalization
scheme [57] which also provide an approach for the chiral expansion of baryon observables.
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symmetric loop contributions.
After the octet baryon mass MB is phased away, the mass splitting ∆ = MT−MB appears
in the decuplet baryon Lagrangian. In addition to the chiral power counting in Eq. (2.3), we






where k is the residual baryon momentum. This is the phenomenologically motivated power
counting known in the two-flavor case as the small-scale expansion [58]. To leading order,


































and the decuplet baryon Lagrangian density to the same order is given by
L = T µ(−iv ·D + ∆)Tµ + 2HT µ S ·A Tµ + 2C
(
T ·A B +BA · T
)
. (2.8)




and vµ is the four-velocity. There is the covariant constraint v ·S = 0; but, our computations




The decuplet baryons are embedded in the completely symmetric flavor tensor, Tijk, in the
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Ξ∗− and T123 =
1√
6
Σ∗0), with the required flavor-
invariant contractions treated implicitly. The vector, Vµ, and axial-vector, Aµ, fields of
















Σ. The chirally covariant derivative, Dµ, acts on the octet baryon fields and





j + [Vµ, B]
i
j,
(DµT )ijk = ∂µTijk + (Vµ)
i′
i Ti′jk + (Vµ)
j′
j Tij′k + (Vµ)
k′
k Tijk′ . (2.10)
Finally, the low-energy constants D and F refer to nucleon-pion axial coupling, C refers
to decuplet-to-octet transition axial coupling, whereas, H corresponds to the decuplet-pion
axial coupling. Strictly speaking, their values correspond to the chiral-limit values of the
couplings.
In this thesis, we perform all the calculations in position space, due to the explicit coor-
dinate dependence of the gauge potential which will become relevant to describe a magnetic
field. In coordinate space, the static octet baryon propagator required in perturbative dia-
grams has the form
DB(x, y) = δ
(3)(~x− ~y)θ(x4 − y4), (2.11)
whereas, the static decuplet propagator is
[DT (x, y)]µν = Pµν δ
(3)(~x− ~y)θ(x4 − y4)e−∆(x4−y4). (2.12)
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where the polarization tensor, Pµν , for the spin-3/2 Rarita-Schwinger field is given by Pµν =
δµν − vµvν − 43SµSν .
As in the meson sector, there are potentially large effects from the breaking of SU(3)V
symmetry. For the baryons, partially accounting for this breaking can be accomplished by
treating the baryon mass splittings as their physical values. In terms of the octet baryons,














Tr (mq) , (2.13)
where only the leading such contributions in the chiral expansion are shown. The effect of
these operators is to lift the degeneracy between the octet baryons. Using the physical mass
splittings among the various baryons in loop diagrams then corresponds to resummation of
the effects of Eq. (2.13), and analogously those for the decuplet fields, into the propagators.
Accordingly the propagators in Eqs. (2.11) and (2.12) are modified away from their SU(3)V
symmetric forms. As we work in the strong isospin limit, isospin-averaged baryon mass
splittings are utilized in each of these propagators.
In contrast to the two-meson sector, extension of χPT to the two-baryon sector is be-
set with difficulties associated with non-trivial behavior of two-baryon interactions at low
energies. Although perturbation theory cannot be used to calculate properties of bound
states and low-energy scattering amplitudes for two-baryon interactions, one can use the
framework of χPT to derive two-baryon potential in a systematic and model-independent
way [59]. This potential is sufficient to compute scattering amplitudes in first Born approxi-
mation. Determination of low-energy properties, however, requires iteration of this potential
through either the Schrödinger equation or the Lippmann-Schwinger equation.
In Chapter 4, we use the framework of χPT to address how an external magnetic field
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modifies the interactions, specifically, between two-nucleons. However, due to the compli-
cations in the applications of χPT to the two-baryon sector mentioned above, we defer the
detailed discussion until then.3
2.4 χPT in Magnetic Fields
Concerning our goal of understanding low-energy QCD in external fields, χPT can be easily
extended to include large external magnetic fields. In the presence of an external background
magnetic field, there is an additional source of symmetry breaking. The electric charges of









, break the three-flavor
SU(3)V symmetry to SU(2)V ×U(1)V . The residual SU(2)V symmetry, due to the equality
of d and s quark charges is termed U-spin symmetry [60]. Multiplets of octet and decuplet
baryons formed under the U -spin symmetry are shown in Fig. 2.1.
χPT becomes inapplicable when the external field strengths approach the cutoff scale of
the theory, i.e. when eFµν ∼M2N ∼ Λ2χ, however, it still allows the possibility of large fields,












where Aµ is the electromagnetic gauge potential, Fµν is the corresponding field-strength
tensor, and ε is again assumed to be small, ε 1. Notice that in the computation of gauge-
invariant quantities, Aµ cannot appear. For mesons, the essential change in the Lagrangian
density from Eq. (2.4), due to electromagnetic fields, is in the derivative term on the coset
field. Electromagnetic fields are minimally coupled through the action of the covariant
3While we employ an EFT framework, our focus is to study the change in the two-nucleon potential in
external fields, rather than demonstrate convergence of an EFT expansion.
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Figure 2.1: Octet and decuplet U -spin multiplets. Octet and decuplet baryons can be
grouped according their U -spin quantum numbers. The horizontal and vertical axes corre-
spond to the third component of the U -spin quantum number and the charge of the baryon,
respectively.
derivative, specified by
DµΣ = ∂µΣ + ieAµ[Q,Σ]. (2.15)
For baryons, the coupling of electromagnetism is contained in the modified vector, Vµ, and
axial-vector, Aµ, fields, which have the form
Vµ = ieAµQ +
1
2f 2




Dµφ+ · · · , (2.16)
where ellipses denote terms of higher order than needed for our computation.
To study the effects of a large magnetic field on hadrons, we choose a uniform magnetic
field in the x3 direction; and, for definiteness, we implement this field through the choice of
gauge Aµ = (−Bx2, 0, 0, 0). According to the power counting defined in Eq. (2.14), the effects
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Figure 2.2: Charged meson propagator in a large magnetic field. Free meson propagators
are shown as solid lines; external fields are depicted as wiggly lines ending in crosses; charge
couplings appearing in the O(ε2) chiral Lagrangian density are depicted by filled circles;
and, these must be summed to obtain the propagator (dashed line) in the large-field power
counting.
of the external magnetic field are non-perturbative with respect to the meson momentum
and mass. This requires summation of the charge couplings of the Goldstone bosons to the
external magnetic field to all orders, see Fig. 2.2. In the context of the chiral condensate, this
summation has been done at the level of the effective action, see Ref. [41]. For computation
of baryon energy levels, we require meson propagators in presence of the magnetic field,
and these can be determined using Schwinger’s proper-time trick [3]. In position space,
propagator for the pseudoscalar meson φ having charge Qφ has the form [44]
Gφ(x
























where the displacement is ∆xµ = x
′
µ − xµ, the average position is x = 12(x
′
µ + xµ), and




2. A few comments regarding the
form of the propagator are in order. When eQφB = 0, one recovers the proper-time integral























which has an SO(4) symmetry and Euclidean translational invariance in four directions. For
nonzero values of eQφB, however, the integrand in the expression above has only an SO(2)×
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SO(2) symmetry. The phase factor multiplying the integral, moreover, breaks translational
invariance in the x2 direction, as well as the SO(2) symmetry in the plane transverse to
the magnetic field. The phase factor is gauge dependent; consequently, the computation of
gauge-invariant quantities must reflect SO(2)×SO(2) symmetry and translational invariance.
To summarize, in considering hadrons in strong magnetic fields, χPT allows for the
inclusion of strong fields, such that eFµν ∼ m2φ, which, for example, is the size relevant
to address external field LQCD computations. In this regime, the charged-meson Landau
levels are comparatively more important than those of the charged baryons. We explore the
consequences of this feature in the following chapters.
Chapter 3
Octet Baryon Energies in Magnetic
Fields
As the power counting in Eq. (2.3) allows for fields of size eB ∼ m2π, the computed magnetic
field dependence of baryon energies should be directly relevant for LQCD computations car-
ried out at the physical pion mass. In this chapter, we compute the octet baryon self energies
to O(ε3) in the combined chiral and heavy baryon expansion. At this order, there are both
tree-level and loop contributions. For the loop contributions, the power counting, Eq. (2.3),
dictates that charged-meson propagators include the magnetic field non-perturbatively com-
pared to the meson mass and momentum. Physically this represents that charged-mesons
propagate in various Landau levels. Baryon propagators, by contrast, are affected by the
external magnetic field perturbatively.
In a weak magnetic field, the baryon energies can be expanded in powers of B as
E(B) = M +
|QeB|
2M
− µ ·B − 2πβM0|B|2 + . . . , (3.1)
where, the second, third, and fourth terms correspond to the lowest Landau level, magnetic
21
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dipole moment, and magnetic polarizability contributions, respectively. The ellipsis denotes
higher-order terms in the magnetic field expansion. In the strong magnetic field regime, we
find that the chiral corrections from charged-pion loops are altered by Landau levels and
contribute appreciably to the higher-order terms in the expansion. The same is true for
charged-kaon loops, although their alteration is comparatively less important. Both effects
are addressed presently;1 and, while they cannot be treated perturbatively in powers of the
magnetic field, these effects lead to modifications of baryon energies that are nevertheless of
a reasonably small size.
An additional feature appears in the magnetic-field dependence of octet baryon energies,
namely that of mixing with decuplet baryons. Quite generally the presence of magnetic fields
leads to mixing among hadronic states. The selection rules
∆I = 0, 1 ∆I3 = 0
∆J = 0, 1 ∆Jz = 0 (3.2)
arise from the isoscalar and isovector components of the vector currents in hadrons. Octet-
decuplet magnetic mixing proceeds through the allowed ∆I = ∆J = 1 matrix elements, and
require scrutiny. The magnetic polarizabilities of the nucleon hint at potential complications
with nucleon-delta mixing. The determination of nucleon electromagnetic polarizabilities us-
ing chiral perturbation theory has been the subject of continued effort [61–72]; and, there are
a number of reviews focusing on different aspects of the subject [73–77]. The computation
of nucleon electric polarizabilities has remained relatively uncontroversial, and the leading
one-loop computation is already in good agreement with experimental determinations. The
magnetic polarizabilities, by contrast, have proved challenging due to large paramagnetic
1 In the power counting utilized below, the decuplet-octet mass splitting ∆ is treated as the same order
as the meson mass mφ. Thus decuplet loop contributions, which introduce dependence on eB/∆
2, are also
treated non-perturbatively.
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contributions from the delta-pole diagram, and correspondingly large diamagnetic contri-
butions from higher-order, short-distance operators. Our central observation is that these
contributions can be disentangled in external magnetic fields: the latter simply lead to en-
ergy shifts, while the former require the summation of eB/(∆MN) contributions, where ∆
represents the delta-nucleon mass splitting, and MN the nucleon mass. On a technical level,
such summation is achieved by diagonalizing the magnetically coupled delta-nucleon sys-
tem.2 The role of loop contributions and decuplet mixing, moreover, is addressed within
the entire baryon octet, for which U -spin and large-Nc considerations allow us to compare
results for magnetic polarizabilities and the behavior of energies with respect to the mag-
netic field. While the polarizabilities of hyperons have received comparatively less attention,
see [80–83], the lack of experimental constraints can be ameliorated with future lattice QCD
computations. The results of such computations will enable paramagnetic and diamagnetic
contributions to be disentangled, along with exposing the role symmetries play in the mag-
netic rigidity of baryons.
The organization of this chapter is as follows. First, in Sec. 3.1, we identify the tree-
level contributions to the baryon energies in large magnetic fields. In Sec. 3.2, we calculate
the charged-meson loop contributions to the baryon energies treating the strength of the
magnetic field non-perturbatively. The loop contributions from this section are then used in
Sec. 3.3, to determine the expressions for the octet baryon energies as a function of the mag-
netic field to third order in the combined chiral and heavy baryon expansion. These results
account for tree-level and loop contributions; and as mentioned above, the former features
a problematically large contribution from the decuplet pole diagram. The expressions for
baryon energies are then utilized in Sec. 3.4, where three scenarios are investigated. We ex-
plore the likelihood that a large baryon transition moment leads to sizable mixing between
2 The analogous coupled-channels analyses have been performed in LQCD to study the following mag-
netically coupled systems: the ∆I = ∆J = 1 transition np → dγ [29], the ∆I = 1, ∆J = 0 coupled Σ0–Λ
baryons [78], and the ∆I = 0, ∆J = 1 coupled ρ–π mesons [79].
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decuplet and octet baryons in magnetic fields. Consistent kinematics are employed to reduce
the size of magnetic polarizabilities, as well as a scenario in which higher-order counterterms
are promoted. These scenarios can be tested with future lattice QCD computations of the
octet baryons in magnetic fields.
3.1 Tree-Level Contributions
The tree-level contributions to the energies are simplest and therefore handled first. Local












B Sµν [Q, B]
)]
Fµν , (3.3)
where we have made the abbreviation, Sµν = εµναβ vαSβ. The low-energy constants are the
Coleman-Glashow magnetic moments, µD and µF [84]. The remaining O(ε
2) contribution
to the octet baryon energies arises from the kinetic-energy term of the Lagrangian density.









where (D⊥)µ = Dµ−vµ(v ·D), and the coefficient of this operator is exactly fixed to unity by
reparametrization invariance [85]. For neutral baryons, this contribution vanishes for states
at rest. For baryons of charge Q, the gauged kinetic term produces eigenstates that are
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Figure 3.1: Decuplet pole diagram which produces O(ε3) contributions to the octet baryon
energies. The octet baryons are shown with solid lines, while decuplet baryons are shown
with double lines. External fields are shown with wiggly lines terminating in crosses.
In order to maintain the validity of the power counting, we are necessarily restricted to the
lower Landau levels characterized by parametrically small values of the quantum number nL.
We restrict our analysis below to the lowest Landau level, nL = 0. While the Landau levels
depend non-perturbatively on the magnetic field, the Landau levels of intermediate-state
baryons affect energy levels at O(ε4); and, fortunately can be dropped in our calculation.
Another operator that enters at order O(ε2) is the magnetic dipole transition operator








B SµQ Tν + T µQ SνB
)
Fµν , (3.6)
where the U -spin [60] symmetric transition moment, µU , can be determined from the mea-
sured electromagnetic decay widths of decuplet baryons. The dipole transition operator
contributes to octet baryon energies at O(ε3) through two insertions in the tree-level dia-
gram shown in Fig. 3.1. Essentially the addition of a uniform magnetic field leads to mixing
between the octet and decuplet baryons via Eq. (3.6), and the decuplet pole diagram rep-
resents the first perturbative contribution from this mixing. The large size of the transition
moment, µU , is a well-known issue in the description of nucleon magnetic polarizabilities,
for an early investigation of the delta-pole contribution, see [87]. Consequently the O(B2)
contribution to the octet baryon energies in magnetic fields will be problematic; and, we
investigate three scenarios for this contribution in Sec. 3.4 below.
Considering all tree-level contributions, the resulting energy levels of the octet baryons
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Table 3.1: U -spin symmetric coefficients for tree-level contributions to the octet baryon
energies appearing in Eq. (3.7).
B Q αD αT






















Σ−, Ξ− −1 1
3
0
to O(ε3) are given by
Etr = MB +
|QeB|
2MB












where neutral particles are taken at rest, and charged particles are taken in their lowest
Landau level with zero longitudinal momentum. The U -spin symmetric coefficients are
labeled by Q, αD, and αT . These coefficients depend on the octet baryon state of interest,
and are given in Table 3.1. Notice that the octet magnetic moment operators lead to a
Zeeman effect, with the energies depending on the projection of spin along the magnetic
field axis, σ3.
3.2 Meson-Loop Contributions
Beyond trees, meson loops contribute to the baryon energies and such contributions are non-
analytic with respect to the meson mass and magnetic field. The diagrams which contribute
at O(ε3) are depicted in Fig. (3.2). The meson tadpole diagrams vanish, either by virtue of
time-reversal invariance or by the gauge condition, v · A = 0. The two sets of four sunset
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Figure 3.2: Loop contributions to the octet baryon energies at O(ε3). The single lines repre-
sent octet baryons; the double lines represent decuplet baryons; and, wiggly lines represent
the external magnetic field. The dashed lines represent mesons propagating in the magnetic
field, see the diagrammatic depiction in Fig. 2.2. While generated from couplings in the
Lagrangian density, diagrams in the first row identically vanish.
diagrams shown are connected by gauge invariance. There is one set for intermediate-state
octet baryons and another set for intermediate-state decuplet baryons. A set of four sunset
diagrams is best expressed as a single sunset, arising from a gauge covariant derivative at
each meson-baryon vertex.
It is useful to sketch the required position-space computation of the loop contributions to
baryon energies in our approach. Each loop contribution contains a product of charge and
Clebsch-Gordan coefficients, along with other numerical factors. Putting aside such factors
for simplicity, the amputated contribution to the two-point function of the octet baryon B,
denoted δDB(x
′, x), in the case of an intermediate-state octet baryon, B′, is given by
δDB(x





whereas, in the case of intermediate-state decuplet baryons, T , the corresponding contribu-
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tion is of the form
δDB(x





Above, the primed gauge covariant derivative depends on the coordinate x′, which appears
both in the partial derivative and gauge potential. Perturbative corrections to the octet
baryon energies, δE, are identified by projecting the amputated two-point function onto
vanishing residual baryon energy, k4 = 0. The term linear in k4 produces the wave-function
renormalization, however, this contributes to baryon energies at O(ε4), which is beyond our
consideration. Putting the baryon B on-shell, we have
∫ ∞
−∞
d(x′4 − x4) δDB(x′, x) = −δ3(~x′ − ~x) δE, (3.10)
where the delta-function arises from translational invariance, which is expected because
the breaking of translational invariance is a gauge artifact. The loop correction to the
baryon energy, δE, is conveniently decomposed into spin-dependent and spin-independent
contributions, in the form









































Table 3.2: Coefficients AB and mass splittings ∆B, for intermediate-state baryons B. The entries are grouped according
to the external octet states B, except for the transition Σ0 → Λ, which represents contributions to the off-diagonal matrix
element. For each state B, factors for the contributing intermediate-state baryons are listed, along with the corresponding
charged loop meson, the quantum numbers of which are fixed by flavor conservation. The intermediate-state baryons
are both octet, for which B = B′, and decuplet, for which B = T . If an intermediate-state baryon is not listed, its
contribution vanishes. Notice that in the case of intermediate-state decuplet baryons, all coefficients AT are proportional
to the baryon-transition axial coupling squared, C2. (Continued on the next page.)
B φ Qφ B
′ AB′ ∆B′ T AT/C
2 ∆T
p π +1 n (D + F )2 0 ∆0 1
3
M∆ −MN
−1 ∆++ 1 M∆ −MN
K +1 Λ 1
6
(D + 3F )2 MΛ −MN
+1 Σ0 1
2
(D − F )2 MΣ −MN Σ∗0 16 MΣ∗ −MN
n π +1 ∆− 1 M∆ −MN
−1 p (D + F )2 0 ∆+ 1
3
M∆ −MN
K +1 Σ− (D − F )2 MΣ −MN Σ∗− 13 MΣ∗ −MN
Λ π +1 Σ− 2
3
D2 MΣ −MΛ Σ∗− 12 MΣ∗ −MΛ
−1 Σ+ 2
3
D2 MΣ −MΛ Σ∗+ 12 MΣ∗ −MΛ
K +1 Ξ− 1
6
(D − 3F )2 MΞ −MΛ Ξ∗− 12 MΞ∗ −MΛ
−1 p 1
6
(D + 3F )2 MN −MΛ
Σ+ π +1 Λ 2
3
D2 MΛ −MΣ
+1 Σ0 2F 2 0 Σ∗0 1
6
MΣ∗ −MΣ
K +1 Ξ0 (D + F )2 MΞ −MΣ Ξ∗0 13 MΞ∗ −MΣ









































B φ Qφ B
′ AB′ ∆B′ T AT/C
2 ∆T
Σ0 π +1 Σ− 2F 2 0 Σ∗− 1
6
MΣ∗ −MΣ
−1 Σ+ 2F 2 0 Σ∗+ 1
6
MΣ∗ −MΣ
K +1 Ξ− 1
2
(D + F )2 MΞ −MΣ Ξ∗− 16 MΞ∗ −MΣ
−1 p 1
2
(D − F )2 MN −MΣ ∆+ 23 M∆ −MΣ
Σ− π −1 Λ 2
3
D2 MΛ −MΣ
−1 Σ0 2F 2 0 Σ∗0 1
6
MΣ∗ −MΣ
K −1 n (D − F )2 MN −MΣ ∆0 13 M∆ −MΣ
Ξ0 π +1 Ξ− (D − F )2 0 Ξ∗− 1
3
MΞ∗ −MΞ
K +1 Ω− 1 MΩ −MΞ
−1 Σ+ (D + F )2 MΣ −MΞ Σ∗+ 13 MΣ∗ −MΞ
Ξ− π −1 Ξ0 (D − F )2 0 Ξ∗0 1
3
MΞ∗ −MΞ
K −1 Λ 1
6
(D − 3F )2 MΛ −MΞ
−1 Σ0 1
2
(D + F )2 MΣ −MΞ Σ∗0 16 MΣ∗ −MΞ
Σ0 → Λ π +1 Σ− 2√
3





−1 Σ+ − 2√
3









(D + F )(D − 3F ) MΞ −MΣ Ξ∗− − 12√3 MΞ∗ −MΣ




(D − F )(D + 3F ) MN −MΣ
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Careful computation of the gauge-covariant derivatives acting on the meson propaga-
tor, Eq. (2.17), contraction of the vector indices, and subsequent spin algebra produces the
amputated contributions to the two-point function required in Eqs. (3.8) and (3.9). Carry-
ing out the integral over the relative time and appending the Clebsch-Gordan coefficients,
along with other numerical factors, leads to the spin-dependent and spin-independent loop































These expressions have been written using a compact notation. Firstly, the external-state
baryon B has been treated implicitly to avoid an accumulation of labels. Each contribution
to the energy features a sum over the contributing loop baryons, B, which are either octet
baryons, B′, or decuplet baryons, T . Given the external state B, and internal baryon B, the
corresponding loop meson φ is uniquely determined; hence, we do not additionally sum over
the charged meson states φ. Products of Clebsch-Gordan coefficients and axial couplings
are defined to be AB, and these appear in Table 3.2. The multiplicative S factors arise
from the spin algebra. For the spin-dependent contributions, we have S1B, which takes
the values S1B′ = 1 and S1T = −13 , for all B = B
′ and B = T , respectively. For the




, which also depend only on the spin of the intermediate-state baryon. The
arguments of loop functions depend on the baryon mass splitting, denoted by ∆B, which
is defined as ∆B = MB − MB. For clarity, the splittings are also provided in Table 3.2.
Finally, the loop functions, F1(x, y) and F2(x, y), can be written in terms of integrals over
the proper-time, for which the x- and y-dependence factorizes in the integrands. For the
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ds f(x, s) g(y, s), (3.13)










Notice that this function is even with respect to x. For this reason, we need not include
the charge of the loop meson in the argument, because |Qφ| = 1. The remaining function,
g(y, s), encodes the dependence on the baryon mass splitting, and is given by








The loop function F2(x, y), which is relevant for spin-independent contributions to the energy,
can be written in terms of the same auxiliary functions







Notice that both loop functions vanish in vanishing magnetic fields, which is a consequence
of f(0, s) = 0. For the spin-independent contributions to the energy, this vanishing implies
that all chiral corrections to the baryon mass have been renormalized into the physical
value of MB. For the spin-dependent contributions to the energy, the vanishing implies that
chiral corrections to the baryon magnetic moments have been renormalized into the physical
magnetic moments. For completeness, the χPT corrections to magnetic moments in our
approach are provided in Appendix A.
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Figure 3.3: Behavior of the non-analytic loop functions F1(x, y) and F2(x, y) appearing in
Eqs. (3.13) and (3.16), respectively. The left panel shows the x-dependence of F1(x, 0) (solid),
along with the small- and large-x asymptotic behavior (dashed and dotted). Asymptotic
approximations are labeled by the order to which they are valid. Notice that the small-x
expansions have been plotted beyond their range of applicability. The right panel shows
the y-dependence of each function evaluated at x = 1, which corresponds to a magnetic
field strength satisfying |eB| = m2φ. The range of y values plotted encompasses the values
required by the intermediate-state baryons in loop diagrams. Notice that the functions
become identical for y = 0.
Behavior of Loop Functions
Before presenting the results for octet baryon energies in large magnetic fields, it is instructive
to consider the general behavior of the non-analytic loop functions. The octet baryon energies
contain sums over these loop functions evaluated for various values of the mass parameters,
see Eq. (3.12). To exhibit the general behavior, we compare the loop functions F1 and F2
with their small- and large-x asymptotic behavior, over a range of y values required by the
intermediate-state baryons.
The small-x behavior is relevant for perturbatively weak magnetic fields, with the first
non-vanishing term occurring at order x2. In the case of F2, the O(x
2) term is a contribution
to the effect on the energy from the magnetic polarizability. While the small-x expansion
can be carried out for general values of y > −1, we cite only the simple expression for y = 0.
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The large-x behavior, by contrast, becomes relevant in the chiral limit. This limit, further-
more, can only be taken provided y ≥ 0.3 The contributions with y > 0, vanish when the
chiral limit is taken, and these correspond to intermediate states that decouple. The simplest




























where ζz is used to denote the Riemann zeta-function, ζ(z). Note that the fractional power
of x appearing within the brackets is the only such term in the asymptotic series.4
In Fig. 3.3, the behavior of the loop function F1(x, 0) = F2(x, 0) is shown as a function of
x. Additionally shown are the small- and large-x asymptotic limits, with the function inter-
polating between these extremes. The figure, moreover, illustrates the dependence on y (for
the particular value x = 1) by showing the loop functions over a range spanning the smallest
and largest values of y required by the intermediate-state baryons. The Λ contribution to the
Σ energies requires the smallest value, y ≈ −1
2
; while, the delta contribution to the nucleon
energies requires the largest value, y ≈ 2. The importance of the loop functions generally in-
creases with decreasing values of y, which is physically reasonable because lower-lying states
have smaller y values and should give more important non-analytic contributions.
3 When ∆B < 0, the corresponding value of y approaches y → −∞ in the chiral limit. The loop functions
F1(x, y) and F2(x, y) themselves become infinite in this limit, and the corresponding baryon states no longer
exist in the low-energy spectrum.
4 Due to the dominant
√
x factor exhibited in the chiral limit, we have from Eq. (3.12) the behavior of
the loop contributions: δE1 ∼ |eB|1/2, and δE2 ∼ m2φ |eB|1/2. As a result, only the spin-dependent loop
contributions survive; and, by virtue of Eq. (3.11), we have the chiral-limit behavior δE ∼ −eBσ3|eB|1/2,
which deviates from a linear Zeeman effect.
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3.3 Complete Third-Order Calculation
Accounting for the tree-level and loop contributions, as well as the renormalization in van-
ishing magnetic fields, we have the general expression for the octet baryon energies valid to
O(ε3)


















In the above expression, neutral baryons are taken at rest, while charged baryons are in their
lowest Landau level with vanishing longitudinal momentum. The baryon energies depend on
known parameters: the hadron masses, baryon magnetic moments, and meson decay con-
stants. The axial couplings are reasonably well constrained from phenomenological analyses,
and we adopt the values D = 0.61, F = 0.40, C = 1.2 [62]. The transition dipole moment,
µU , will be discussed below in conjunction with the nucleon magnetic polarizabilities. For
reasons that will become clear, we do not attempt to propagate uncertainties on parameters
or from neglected higher-order contributions.
While the above expression applies equally well to all members of the baryon octet, there
is the additional feature of mixing between the Σ0 and Λ baryons. Because coupling to
the external magnetic field breaks isospin symmetry (but preserves I3), mixing is possible
between these two I3 = 0 baryon states. In this two-state system, we must consider the




where the off-diagonal entries are also given by Eq. (3.19), being careful to note that MB is
zero for such entries.5 The eigenstates, which we write as λ±, are determined from diago-
5 With the mass splittings taken at their physical values in loop diagrams, the off-diagonal elements of
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 cos θ sin θ





where the mixing angle is magnetic field dependent, θ = θ(B2).
3.4 Baryon Energies and Three Scenarios
The remaining parameter required to evaluate the magnetic-field dependence of octet baryon
energies is the transition magnetic moment between the decuplet and octet, which has been
labeled by µU above. As is well known in the small-scale expansion, see, for example,
Ref. [65], the largeness of this moment presents a complication in the determination of the
magnetic polarizabilities of the nucleon. Hence, the magnetic-field dependence of baryon
energies will inherit a related complication. We explore three scenarios for this coupling:
large mixing with decuplet states, mitigation by using consistent kinematics, and promotion
of higher-order counterterms. In the first scenario, we additionally discuss determination of
µU using recent experimental results. Values of the magnetic polarizability are discussed in
the second and third scenarios.
3.4.1 Large Decuplet Mixing
The baryon transition magnetic moment, µU , can be determined using the measured values
for the electromagnetic decay widths of the decuplet baryons. Beyond the ∆ → Nγ decay,
recent experimental measurements have been carried out for the electromagnetic widths
this matrix are not identical but differ very slightly. We set EΛΣ0 ≡ EΣ0Λ in our computation to avoid this
complication.
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of the decays Σ∗0 → Λγ [88] and Σ∗+ → Σ+γ [89]. Using the magnetic dipole operator
appearing in Eq. (3.6), the decay width is found to be










assuming that the electric quadrupole contribution is negligible. In the formula for the width:
αT is the relevant U -spin symmetric coefficient appearing in Table 3.1; the baryon transition






The factor of MB/MT arises from an exact treatment of the relativistic spinor normalization
factors. Using the three experimentally measured widths, we obtain the values
Γ(∆→ Nγ) = 0.660(60) MeV ⇒ µU = 6.04(27) [NM],
Γ(Σ∗0 → Λγ) = 0.445(102) MeV ⇒ µU = 6.10(70) [NM],
Γ(Σ∗+ → Σ+γ) = 0.250(70) MeV ⇒ µU = 6.09(109) [NM]. (3.24)
Carrying out a weighted fit, we obtain the central value µU = 6.05 [NM]. As our analysis is
not precise enough to make definite conclusions, we will not propagate the uncertainty on
this or other parameters. The values obtained for µU are completely consistent with U -spin
symmetry, further consequences of which have been explored in Ref. [90]; values are also
consistent with the näıve constituent quark model.
Accounting for the normalization convention used in Eq. (3.6), the transition moment
obtained in nuclear magneton units is rather large. Assuming there are no corrections that
mitigate the size of this coupling, we assess whether decuplet-octet mixing in magnetic fields
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may need to be treated non-perturbatively. To perform this assessment, we focus on the
magnetic moment operators in each coupled system of I3 6= 0 baryons, whose members we
label by T and B.6 As U -spin symmetry forbids the Σ∗−–Σ− and Ξ∗−–Ξ− baryon transitions,
we omit these baryons from our consideration. Their transition moments, which are not
proportional to µU , are expected to be quite small.
For a spin-half baryon B, the dipole transition operator in Eq. (3.6) leads to mixing
between T and B baryons in magnetic fields, where the I3 quantum number of the spin
three-half T baryon is the same as B. Only the m = ±1
2
spin states of the T , furthermore,
can mix with the corresponding spin states of the B. Considering the magnetic moment
operators in this system, the Hamiltonian takes the form
H =












, where m denotes the baryon spin state. Baryons are assumed to be in
their lowest Landau levels, where appropriate. We have additionally written the transition
moment as µTB, which is related to the U -spin symmetric moment through the relation
µTB =
√
αT µU , for which the sign can be absorbed into the definition of the mixing angle
and is hence irrelevant to the energy eigenvalues. Notice that all moments are written in
terms of nuclear magneton units. The magnetic moments of decuplet baryons are defined to
be coefficients, µT , of the interaction term − eMN J ·B, where J is the spin operator for the
decuplet state T .
6 The I3 = 0 octet baryons, Σ
0 and Λ, both mix with Σ∗0, leading to a coupled three-state system, which
is detailed in Appendix B.
CHAPTER 3. OCTET BARYON ENERGIES IN MAGNETIC FIELDS 39




























Figure 3.4: Assessment of decuplet-octet mixing arising from the Hamiltonian in Eq. (3.25).
The spin-up (black) and spin-down (blue) eigenstate energies are plotted as a function of
the magnetic field. These energy shifts, ∆E = E −MB, are given in units of the nucleon
mass, with the solid curves corresponding to the full solution in Eq. (3.26), and the dashed
curves representing the approximation in Eq. (3.7), which retains mixing only perturbatively
through the decuplet-pole contribution.
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where the spin-independent energy difference E∆ is given by







and the parameters µ± are sums and differences of the baryon magnetic moments, namely
µ± = µT ± µB. (3.28)
In the weak-field limit, the two spin states of lower energies, E
(m)
− , reduce to those determined
in Eq. (3.7) for the octet baryon B, with the magnetic moment replaced by its physical
value and the O(B2) contribution identical to that from the corresponding decuplet-pole
diagram. For large µU couplings, this contribution dominates the magnetic polarizability of
the octet state (see Table 3.3 below), which is assumed to be the case here necessitating its
resummation.
To evaluate the eigenstate energies, values of the decuplet magnetic moments are required.
A compilation of model and theory results for decuplet moments is contained in the covariant
baryon χPT calculation of Ref. [91], and we adopt the results determined in that particular
work: µ∆+ = 2.84 [NM], µΣ∗+ = 3.07 [NM], and µ∆0 = −µΞ∗0 = −0.36 [NM], which are quite
similar to values obtained in the constituent quark model and from large-Nc analyses. The
magnetic field dependence of the energy shifts, ∆E = E −MB, is shown in Fig. 3.4, for the
I3 6= 0 baryon systems with Q 6= −1. This behavior is compared with that predicted by
Eq. (3.7), with good agreement in small fields, but with corrections beyond the decuplet-pole
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Figure 3.5: Assessment of perturbative versus non-perturbative mixing in the ∆0–n system.
On the left, the mixing angle in Eq. (3.29) is plotted for the spin-up (black) and spin-down
(blue) states. On the right, the energy shifts are plotted as a function of the magnetic
field, with solid curves corresponding to the result in Eq. (3.26) for the two spin states.
Color correlated dashed and dotted curves show the O(B2) and O(B4) approximations to
Eq. (3.26), respectively. Despite larger mixing, the spin-up energy is well described by
perturbation theory in the magnetic field. The expansion for the spin-down energy can be
considerably improved by the resummation into an expansion in ξ, see Eq. (3.30), which is
shown to O(ξ2) for both spin states as the (red) dotted curves. In the spin-up case, this
resummation introduces a pole, which is responsible for the rapid divergence from the solid
black curve.
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contribution required with increasing magnetic field.
While the decuplet pole seems to be a reasonable approximation in most cases, we explore,
in Fig. 3.5, whether mixing with decuplet baryons can be treated perturbatively. The figure
shows the E
(m)
− energy eigenvalue and mixing angle in the ∆
0–n system. The mixing angle
θ is defined by writing this eigenstate, |Λ−〉, as the linear combination
|Λ−〉 = cos θ |n〉+ sin θ |∆0〉. (3.29)
Mixing is seen to increase as a function of the magnetic field, with greater mixing for the
higher-lying spin state. Stated this way, the feature is generically true across all the baryon
systems depicted in Fig. 3.4. Also shown in Fig. 3.5 are the O(B2) and O(B4) perturbative
approximations to the energies, where the former is given by Eq. (3.7). For the higher-
lying spin state, the expansion appears to be under good perturbative control, although one
should note that the fourth-order expansion includes linear, quadratic, and cubic magnetic
field terms in addition to the quartic. The lower-lying spin state, for which the mixing
angle is smaller, does not exhibit the same convergence properties. For this spin state, the





E∆ − µ− eBmMN
, (3.30)
as the expansion parameter, which is suggested by the exact solution in Eq. (3.26). In the
case of ∆0–n mixing for the spin-down state, the resummed delta-pole contribution at O(ξ2)
provides a much improved approximation to the exact solution, as can be seen in Fig. 3.5.
7 It should be noted that the ξ expansion offers little benefit for the case of ∆+–p and Σ∗+–Σ+ baryon
systems due to the value of their magnetic moment difference, µ− ≈ 0. The Ξ∗0–Ξ0 system, however, is
qualitatively the same as the ∆0–n system, and the ξ expansion similarly offers an improved scheme for the
spin-down state.
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Due to the sign of the spin, we have ξ < µTB
eB
∆MN
, which ensures better convergence over an
expansion perturbative in B. For the spin-up state, by contrast, we expect comparatively
poor behavior due to ξ > µTB
eB
∆MN
. The expansion is actually much worse because ξ exhibits
a pole at the magnetic field strength eB = 2∆MN/µ− > 0, which noticeably influences the
behavior of the O(ξ2) expansion in Fig. 3.5.
Using the value of µU obtained from electromagnetic decays of the decuplet baryons, the
magnetic mixing of decuplet and octet baryons may need to be treated beyond perturbation
theory. Assessing the mixing using the linear-order Hamiltonian in Eq. (3.25), the decuplet-
pole contribution to the energies appears to be a reasonable approximation for magnetic
fields satisfying eB/m2π . 3. While we will ultimately adopt a value for µU smaller than
that obtained in this section, we will nevertheless estimate the effects of mixing beyond the
pole term in our complete analysis (see Sec. 3.5 below).
3.4.2 Magnetic Polarizabilities and Consistent Kinematics
The largeness of µU may require that baryon mixing be treated non-perturbatively. The
magnitude obtained above, however, is unlikely due to the size of contributions from decu-
plet pole diagrams to magnetic polarizabilities. The magnetic polarizabilities appear as the
second-order terms in the expansion of energies as a function of the magnetic field. In the
standard convention, the spin-averaged energy, E, has the behavior






2 + · · · , (3.31)
where the · · · represents higher-order terms in the magnetic field strength, and the coefficient
βM defines the magnetic polarizability. Using the spin-independent energy determined in
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Eq. (3.19), we obtain the magnetic polarizability of the octet baryons
βM = β
lp + βtr, (3.32)
which has been written as the sum of loop and tree-level contributions. The loop contribution
is determined by expanding δE2 in Eq. (3.12) to second order in the magnetic field, which














with α as the fine-structure constant, and the loop function defined by






y2 − 1 + iε
y +
√
y2 − 1 + iε
)
, (3.34)
which takes the particular value G(0) = π. The tree-level contribution arises from the









8For the I3 = 0 baryons, Λ and Σ
0, there is an additional tree-level contribution to polarizabilities arising
from expanding the eigenstate energies determined from Eq. (3.20) to second order in the magnetic field.

















where ∆ΣΛ = MΣ −MΛ is the mass splitting. Such contributions have the interpretation of pole terms
arising from perturbative Σ0–Λ mixing. Notice that the additional contribution to the Σ0 polarizability
is diamagnetic because the Λ intermediate state is at a lower energy. We do not include these Born-
type contributions in our definition of the magnetic polarizabilities of Λ and Σ0 baryons. Instead, such
contributions are automatically accounted for in the off-diagonal matrix elements of Eq. (3.20), and our
definition of the polarizabilities then corresponds to the O(B2) contribution to the diagonal matrix elements.
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Expressions obtained for nucleon magnetic polarizabilities agree with those determined in
Ref. [61, 62, 65]. Furthermore, the octet contributions to hyperon magnetic polarizabilities
agree with those determined in Ref. [80]. Values of these loop and tree-level contributions are
given in Table 3.3, with the corresponding magnetic polarizabilities found from their sum.
In the case of the nucleon, the tree-level contribution alone greatly exceeds the experimental
values.9
9 An additional complication is the constraint on the sum of electric and magnetic polarizabilities, αE +
βM , provided by the Baldin sum rule, see, for example, Ref. [92]. Given that the values we obtain for nucleon
electric polarizabilities are consistent with experiment, see Table A.1, the large magnetic polarizabilities









































Table 3.3: Possible anatomy of the octet baryon magnetic polarizabilities. The various contributions are: βlp, the loop
contribution; βtr, the tree-level pole diagrams; btr, the rescaled decuplet-pole diagrams using consistent kinematics; βct,
the promoted counterterms; and, bct, the counterterms relevant for the rescaled decuple-pole diagrams. Each contribution
is given in units of 10−4 fm3, and counterterms have been determined using the nucleon magnetic polarizabilities as input.
For this reason, those values are starred. Finally, the Σ0–Λ transition polarizability is not a true polarizability. Strictly
speaking, it represents an off-diagonal matrix element in the system of I3 = 0 baryons at second order in the magnetic
field.
B βlp βtr btr βct bct βlp + βtr βlp + btr βlp + βtr + βct βlp + btr + bct βexpt.M
p 1.37 13.22 6.89 −12.09 −5.76 14.59 8.26 ∗ 2.50 ∗ 2.50 2.5(4)
n 1.32 13.22 6.89 −10.84 −4.51 14.54 8.21 ∗ 3.70 ∗ 3.70 3.7(12)
Λ 0.83 10.79 6.40 −16.26 −6.76 11.62 7.23 −4.63 0.47 −
Σ+ 0.96 20.22 14.05 −12.09 −5.76 21.18 15.02 9.09 9.26 −
Σ0 0.83 5.06 3.51 −27.10 −11.27 5.89 4.35 −21.21 −6.93 −
Σ− 0.71 0.00 0.00 − − 0.71 0.71 − − −
Ξ0 0.51 18.01 12.45 −10.84 −4.51 18.52 12.96 7.68 8.45 −
Ξ− 0.30 0.00 0.00 − − 0.30 0.30 − − −
Σ0 → Λ −0.03 −8.76 −6.09 −9.30 −3.91 −8.79 −6.12 −18.18 −10.03 −
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To mitigate the size of the tree-level contribution, we note that the normalization factor
MB/MT appearing in the determination of µU from the decay width in Eq. (3.22) has been
appended by hand. Its removal from the formula is not only consistent with the heavy-baryon
power counting, it leads to transition moments that show the expected level of SU(3)V
breaking. Thus, the close agreement of the central values of the µU parameters in Eq. (3.24)
for each decay might be accidental. Furthermore, the formula for the width employs exact
kinematics; whereas, to the order we work, the photon energy in Eq. (3.23) is approximately
given by ω ≈ ∆T . Ordinarily such distinctions are unimportant, being of higher order in the
expansion, however, our goal is to expose the sensitivity to such higher-order terms. To this
end, we investigate treating the kinematics consistently within the power counting. This can
















The corresponding tree-level contributions to the magnetic polarizability are then given by
btr = γβtr, which have been included in Table 3.3. Notice that consistent kinematics are being
employed for the ∆–N , Σ∗0–Λ, and Σ∗+–Σ+ transition moments, for which experimental
results are available. In the case of Σ∗0–Σ0 and Ξ∗0–Ξ0 transitions, for which no experimental
constraints currently exist, we use, as a guess, the U-spin symmetry prediction, but scaled by
γ to reduce the size as might be expected from the reaction kinematics. While the magnetic
polarizabilities of the nucleons are subsequently reduced, they still exceed the experimental
values.
3.4.3 Counterterm Promotion
In the context of the small-scale expansion, one solution to the large size of calculated nucleon
magnetic polarizabilities is to partially cancel the effect of the delta-resonance pole diagram
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by promoting counterterms from the O(ε4) Lagrangian density. In two-flavor χPT, there are
two such local operators. Consequently one can adjust these terms to produce any values
for the proton and neutron polarizabilities. In the three-flavor chiral expansion, the same
procedure yields U -spin relations among the polarizabilities of the baryon octet, which are
detailed here.






























B [Q, [Q, B]]
)
. (3.38)
These operators were enumerated in Ref. [78] in the context of SU(3)V symmetric lattice
QCD computations; whereas, they enter here as the leading terms in the expansion about
the SU(3)L×SU(3)R limit. Including the Σ0-Λ transition, there are nine polarizabilities and
only four operators; hence, there exist five relations between the counterterm contributions
to the polarizabilities. Three of these are the relations obtained under interchanging the d
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Λ − βctn = 12(β
ct
Σ0 − βctΛ ). (3.40)
In this scenario, the experimental values of the nucleon magnetic polarizabilities can thus
be employed to determine the counterterm contributions to the Σ+ and Ξ0 polarizabilities.
Notice that knowledge of the nucleon magnetic polarizabilities cannot help constrain the
counterterms for the Σ− and Ξ− baryons, because the corresponding Σ∗− and Ξ∗− pole
diagrams vanish by U -spin symmetry. In the large-Nc limit, the counterterm β
ct
1 vanishes.











Thus U -spin symmetry along with the large-Nc limit permit us to determine five of the seven
octet baryon magnetic polarizabilities, using the proton and neutron magnetic polarizabili-
ties for input. The nucleon counterterm contribution provides the diamagnetism necessary
to cancel large paramagnetic effects from the delta-pole contribution. Results for the coun-
terterm contribution and magnetic polarizabilities of octet baryons are given in Table 3.3.
We adopt two possibilities for the decuplet pole contribution: one uses the baryon transition
moment obtained from the full kinematics, while the other uses the moment obtained from
kinematics expanded consistently in our power counting. Results are summarized as follows.
The magnetic polarizaibilities of the Σ+ and Ξ0 remain paramagnetic and somewhat large.
The Λ polarizability is substantially reduced, and is quite small or may even become dia-
magnetic. On the other hand, the Σ0 polarizability becomes considerably diamagnetic in
nature. The transition polarizability between the Σ0 and Λ baryons is consistently negative,
perhaps more so with addition of the counterterms.
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3.5 Predictions for Baryon Energies
To investigate the magnetic-field dependence of the octet baryon energies, we adopt the
values of magnetic polarizabilities obtained through counterterm promotion using consistent
kinematics. Thus, the baryon magnetic polarizabilities are taken as
βM ≡ βlp + btr + bct, (3.42)
where the numerical values appear in Table 3.3. For the proton and neutron, these are the
experimentally measured ones; while, for the other baryons, the values are a consequence of
U -spin symmetry and the large-Nc limit. Finally, the Σ
− and Ξ− magnetic polarizabilities,
for which counterterm contributions cannot be estimated, are taken to be their one-loop











where the zero-field result has been subtracted to produce the energy shift, ∆E = E −MB,
and m = ±1
2
for the spin states.
Beyond O(B2), we have additionally determined loop contributions as non-perturbative
functions of |eB|/m2π, and are able to account for potentially large mixing with decuplet









which goes beyond the approximation used for assessing decuplet mixing in Sec. 3.4.1 above.
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Figure 3.6: Magnetic-field dependence of the I3 6= 0 baryon energy shifts, ∆E = E −MB.
The black curves correspond to spin-up states, while the lighter (blue) curves correspond to
spin down. The dashed curves only account for effects up to O(B2), see Eq. (3.43), where
the magnetic polarizability is taken to be that in Eq. (3.42). The solid curves additionally
include non-perturbative effects beyond O(B2), which include loop corrections and mixing
with decuplet baryons, see Eq. (3.44).
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The spin-independent entries are defined by









4πbctB2 + δE2, (3.45)
whereas the spin-dependent term MB is given by
MB = µB + 2MN δE1. (3.46)
Notice that the spin-dependent loop contribution δE1, which is given in Eq. (3.12), vanishes
in zero magnetic field, so that µB are the physical baryon magnetic moments in nuclear
magneton units. The magnetic polarizability appearing in EB requires a subtraction due to
the treatment of decuplet mixing. The decuplet-pole contribution, as well as higher-order
effects, are already generated by the off-diagonal terms in Eq. (3.44), which are proportional
to the rescaled transition moment, µTB =
√
γ αT µU . Thus, use of the rescaled polariz-
ability counterterm bct in Eq. (3.45) ensures that the magnetic polarizabilities are given by
Eq. (3.42).
For each I3 6= 0 baryon, we show the magnetic-field dependence of their energies in
Fig. 3.6. Energy shifts, ∆E = E −MB, are plotted for the spin-up and spin-down states, in
units of the nucleon mass, ∆E/MN , and grouped according to the baryon’s charge. For each
state, moreover, we compare the energy computed to O(B2), given in Eq. (3.43), with the en-
ergy including higher-order effects, which corresponds to the lower eigenvalue of Eq. (3.44).
Such higher-order effects arise from charged-meson loops as well as mixing with decuplet
baryons, and make contributions at O(B3) and higher. These contributions do not neces-
sarily have a well-behaved expansion in powers of the magnetic field over the range of fields
plotted (see Fig. 3.3, for the meson loop contributions in particular). The loop contributions,
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furthermore, are generally largest for the nucleons, smaller for the Σ’s, and smallest for the
Ξ’s. This pattern is to be expected: the pion loop contributions dominate over those of the
kaon (∝ f−2π m−1π versus ∝ f−2K m
−1
K for ∆ = 0), and pions couple more strongly to multiplets
with lower strangeness. In particular, the meson loop contributions to the Ξ0 and Ξ− en-
ergies are numerically very small. Notice that all plots terminate at the value eB/m2π = 6.
Beyond this value, neglected higher-order corrections, which näıvely scale as eB/M2N , may
be appreciable.
The qualitative behavior of the energies as a function of the magnetic field shown in
Fig. 3.6 is somewhat similar when grouped by baryon charge. When all effects are accounted
for, the proton and Σ+ spin states have a curious linear-appearing behavior. Within the
O(B2) approximation, the Σ+ states exhibit some curvature due to the large paramagnetic
value assumed for its magnetic polarizability. The neutron and Ξ0 compare similarly: the
neutron spin states exhibit some curvature, but not as great as that seen for the Ξ0. The
spin-up neutron state is very insensitive to higher-order corrections due to a near cancella-
tion between loop contributions and ∆0 mixing. For the Ξ0, however, deviations from the
O(B2) approximation are due almost entirely to mixing with Ξ∗0, because the pion-loop
contributions are very small. The Σ− and Ξ− exhibit very linear behavior due to the small
values assumed for their magnetic polarizabilities and small loop contributions. Because the
magnetic moments of these baryons are very close to their Dirac values, see Ref. [78], the
spin-down states show an almost exact cancellation of the energy from the lowest Landau
level. This leads to the near zero shifts for spin-down states observed in the figure.
Finally we determine the eigenstate energies in the coupled Σ0–Λ system by diagonalizing
their energy matrix. Potentially large mixing with the Σ∗0 baryon, however, renders the two-
state description of Eq. (3.20) insufficient. An assessment of mixing with the Σ∗0 is carried
out in Appendix B, and shows that mixing with Σ∗0 is nearly as important as Σ0–Λ mixing
itself. The eigenstate energies determined from a coupled three-state analysis are plotted as
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Figure 3.7: Energy eigenvalues in the Σ0-Λ system as a function of the magnetic field for
spin-up (black) and spin-down (blue) states. These energies are shifted relative to the mass
of the Λ baryon, ∆E = E−MΛ, and plotted in units of the nucleon mass. The dashed curves
indicate results using the O(B2) approximation in Eq. (B.5), while the solid curves include
contributions from charged-meson loops and mixing with the Σ∗0 baryon, determined from
the Hamiltonian in Eq. (B.4).
a function of the magnetic field in Fig. 3.7. The splitting between spin-down states increases
as a function of the magnetic field. The lower, spin-down eigenstate exhibits a greater
dependence on higher-order corrections, which arise mainly from mixing with Σ∗0. On the
other hand, spin-up eigenstates appear quite insensitive to higher-order effects.
To summarize, with the computation of baryon energies, we have seen the strong-field chi-
ral power counting in action. Unfortunately, the size of decuplet-to-octet transition moments
precludes accurate predictions for baryon energies at present. This situation can be reme-
died by future LQCD computations that can disentangle baryon energy shifts from baryon
mixing. Our next focus is beyond the single-baryon sector, and concerns the modification of




Both theoretical [93] and LQCD analyses [2] indicate intriguing behavior of two-nucleon
systems in the presence of strong background magnetic fields. In the formal limit where
Coulomb repulsion is negligible (i.e. e → 0 and B → ∞ with eB fixed), Ref. [93] argues
that two charged particles, with a uniformly attractive short-range potential between them,
will always be bound in a uniform magnetic field. In the context of nuclear physics, this
suggests the possibility of an existence of a bound state of two protons (and also possibly,
of two alpha particles, etc.). Another significant motivation for our investigation is provided
by lattice calculations by the NPLQCD collaboration [2], where the results at unphysical
pion masses (corresponding to mπ = 806 MeV and mπ = 450 MeV) suggest that the unitary
limit of two-nucleon interactions may be attained by tuning an external magnetic field.
Although, these studies were performed at unphysical pion masses, such unitary behavior
might persist at the physical pion mass. Inspired by Ref. [2], we depict qualitatively in
Fig. 4.1, a hypothetical magnetic field dependence of the binding energy of the deuteron
jz = +1 state. The dependence is modeled as a simple second-order polynomial designed
55
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so that, as the magnetic field is increased, the deuteron state approaches threshold. This
approach towards the threshold is characterized by the divergence of the scattering length





where EB.E. refers to the binding energy of the jz = +1 state and a refers to the corresponding
scattering length.
Our aim in this chapter is to begin to explore such effects of strong background mag-
netic fields on two-nucleon interactions. In most physical situations, effects on two-nucleon
interactions due to external magnetic fields are overshadowed by internal residual strong
interactions among nucleons, which at long distances are mediated through the exchange
of pions. Thus, in the weak external field limit (i.e. eB  m2π), one does not expect
two-nucleon interactions to change significantly.1 As the strength of the external magnetic
field is steadily increased (eB ∼ m2π), however, one expects the Landau levels of pions, to
begin to alter the interactions between two hadrons. As the strength of the external fields
is increased even further (eB ∼ M2N), the Landau levels of baryons themselves will play an
important role in governing two-baryon interactions, necessitating the modification of the
proton kinetic energy operator
L = −p̄ ∇
2
2MN




Additionally, magnetic moment operators for the nucleons appear at this order. Moreover,
modification of contact interactions, which describe the short-distance details of two-nucleon
interactions, is also expected at this order.
1 This expectation might be näıve. The fine tuning of two-nucleon systems might give rise to non-trivial
behavior even at perturbatively weak external fields. One of the goals of this thesis is to begin to develop
the tools to address such possibilities.
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Figure 4.1: A hypothetical response of the binding energy of the jz = +1 state of the
deuteron in the presence of a magnetic field at physical pion mass. This response is modeled
after LQCD computations performed at unphysical pion masses [2].
In this chapter, we utilize the framework of two-flavor χEFT to address the above-
stated modification of two-nucleon interactions at long distances. We use the charged-meson
propagator (2.17) to calculate the modification of the long-range part of the potential between
two nucleons in the presence of large magnetic fields. The power counting in Eq. (2.14),
allows us to systematically assess the modification due to large magnetic fields satisfying
eB ∼ m2π  M2N non-perturbatively. Effects from proton Landau levels, nucleon magnetic
moments, and magnetic contact interactions are all beyond the leading order, and will not
be considered.
The organization of this chapter is as follows. In Sec. 4.1, we provide a brief overview of
the physics of nuclear forces in the two-body sector, and describe how χEFT can be utilized
to extract information about scattering observables and energies of bound states. Analysis
of a two-body system in the presence of background magnetic fields poses non-trivial issues,
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related to non-separability of the relative and the center-of-mass motion. In Sec. 4.2, we
show how these difficulties are encountered in obtaining the two-nucleon potential. We
exemplify these issues through a simpler system of two heavy fermions interacting through
the exchange of a charged scalar particle (Yukawa interaction) in the presence of background
magnetic fields. In the case of heavy nucleons, proper treatment requires appending Wilson
lines to charged particles, similar to decoupling gluon interactions from heavy quarks [94].
In Appendix C, we combine the insights gained from this chapter to calculate the form of
the one-pion exchange potential in a large magnetic field.
4.1 Two-Nucleon Potential from χEFT
Extension of χPT to systems of few nucleons is difficult, owing, in part, to the non-trivial
features of nuclear interactions. The nuclear force, which governs the interactions between
nucleons and their binding in nuclei, is a short-range force. Its range is näıvely determined
by the Compton wavelength of the pion, m−1π ∼ 1.4 fm. Interactions between two nucleons
are not constrained by chiral symmetry alone. Contrary to the interactions between mesons,
the interactions between nucleons do not vanish in the chiral or low-energy limit. The two-
nucleon system additionally has intriguing features. The interactions are strong enough to
support a shallow bound state of two nucleons in the spin-triplet channel, i.e. the deuteron.
This state is then unnaturally large. Moreover, two-nucleon scattering lengths are an order
of magnitude larger than the range of interactions. For example, the neutron-neutron and
neutron-proton scattering lengths in 1S0 channel are [95]
ann = −18.7(6) fm, anp = −23.5(8) fm, (4.3)
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suggesting not only non-perturbative physics, but what particle physicists would term fine
tuning, as there is no natural explanation as to why a(1S0)  m−1π . These peculiarities of
the two-body nuclear interactions invalidate the use of perturbation theory, because bound
states, of course, and unbound states with unnaturally large scattering lengths cannot be
obtained in perturbation theory.
A method to investigate nuclear forces, first suggested by Weinberg [59], is to apply
the chiral power counting to the nuclear potentials instead of two-nucleon scattering ampli-
tudes [96–98]. The potential is obtained perturbatively and then input into the Schrödinger
equation or the Lippmann-Schwinger equation, which is solved to extract few-body nuclear
observables, such as scattering phase shifts or bound-state energies. This two-step approach
of extracting nuclear observables is usually termed χEFT, to be contrasted with χPT.2 These
potentials, moreover, provide input for ab initio nuclear structure [102–107], nuclear matter
[108–110] and nuclear reaction calculations [111–113].
Adopting Weinberg’s power counting, we outline the ordering of two-flavor chiral La-
grangian relevant for the investigations of two-nucleon interactions (the general formulation
allows for few-nucleon forces). For two-nucleon interactions, it is convenient to organize the
terms in the chiral Lagrangian according to the index of interaction ∆, given by
∆ ≡ d+ n
2
− 2, (4.4)
2 Short-distance effects are accounted for through the inclusion of contact interactions. The strengths of
the contact interactions are fixed by fitting the scattering observables obtained through χEFT to available
data. The complicating feature of Weinberg’s proposal is that iteration of the potential generates divergences
of all orders, and requires the introduction of various ultraviolet cutoffs. One must then study numerically the
dependence of scattering observables on the cutoffs, attempting to identify results that are cutoff-independent
in taking all cutoffs numerically to infinity. Since, we study only the modification of the one-pion exchange
potential itself, we will not explore the issues related to regularization and renormalization. In this context,
it must be mentioned that there are alternatives to Weinberg counting. The power counting of Kaplan,
Savage and Wise (KSW) [99, 100] partially solves the correspondence between divergences and counterterms
by treating pions perturbatively, but is afflicted by issues of convergence. Additionally, an expansion of
nuclear forces about the chiral limit [101] has been shown to retain the salient features of both Weinberg
and KSW counting schemes.
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where, d refers to the number of derivatives or pion mass insertions and n refers to the
number of nucleon operators. The general effective Lagrangian for pions and nucleons is
given by
L = Lππ + LπN + LNN + . . . , (4.5)
where, the leading-order terms in each grouping according to the index of interaction (i.e.














(N̄N)(N̄N)− 2CT (N̄SµN)(N̄SµN), (4.6)
where, N refers to the nucleon isospin doublet N =
p
n
 , and the coset field Σ containing















Above, f refers to the pion decay constant, f = 130MeV and gA is the axial coupling constant.
3
Low-energy constants CS and CT , encode the strength of two-nucleon contact interactions.
Calculation of the nuclear potential can be systematically performed in the chiral expansion,
determined order-by-order in ε, where ε = 2L +
∑
i ∆i. To use this expression for a generic
Feynman diagram, L refers to the number of loops and ∆i refers to the interaction index at
3 By matching the above two-flavor theory to the three-flavor theory described in Chapter 3, we have
gA = D + F , where D and F are the axial couplings from the three-flavor chiral Lagrangian.
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Figure 4.2: Diagrams contributing to the nuclear potential at leading-order (∆ = 0) in the
chiral expansion. Solid lines and the dashed line refer to nucleons and the pion, respectively.
Filled circles and the filled diamond denote nucleon-pion interaction vertices and the NN
contact interactions, respectively. The first diagram corresponds to the short-range con-
tact interactions that parametrize the short-distance effects; whereas, the second diagram
corresponds to the one-pion exchange contribution to the nuclear potential.
vertex i, and the sum over i extends to all vertices in the diagram.
Leading-Order Potential
At leading order in the chiral expansion of the nuclear potential, two diagrams contribute
and these are shown in Fig 4.2. One diagram corresponds to one-pion exchange and another
corresponds to the NN contact interaction, for which we write the decomposition





Because we restrict our computation to leading order, we drop the (0) superscripts from here







(σ′ · q)(σ · q)
q2 +m2π
τ ′ · τ
Vcont(p
′,p) = CS + CT σ
′ · σ, (4.9)
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where, q = p′ − p is the difference in the final and initial momenta in the center-of-mass
system, σ’s and τ ’s are spin and isospin operators, and mπ refers to the mass of the pion.
It is instructive to outline the procedure for the derivation of the potential directly in
coordinate space. By integrating the meson propagator over the relative Euclidean time
coordinate, we can obtain the familiar form of the one-pion exchange potential in coordinate
space. Starting with






d(x′4 − x4)G0(x′, x), (4.10)
where G0(x
′, x) corresponds to the free-pion propagator, we obtain (see Appendix C, for
details)
V1π = τ
′ · τ [VT (r) S12 + VS(r) σ′ · σ] (4.11)
where, the tensor operator S12 is S12 = 3(σ
′ · r̂)(σ · r̂)− σ′ · σ and r = |x′ − x|. The




























These potentials can also be obtained by performing the Fourier transform of the momentum-
space result, Eq. (4.9), however, the direct coordinate-space approach is convenient in an
external magnetic field.
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4.2 Two-Nucleon Potential in a Magnetic Field
In the presence of an external magnetic field eB ∼ m2π  M2N , the one-pion exchange part
of the potential obtained in the last section is modified due to charged-pion Landau levels.
The procedure for deriving the two-nucleon potential in zero magnetic field that we outlined
in the last section can be readily extended to include background magnetic fields.
At the lowest order in the chiral expansion, proton-proton and neutron-neutron interac-
tions are mediated through the exchange of a neutral pion and thus, at this order, there is no
change in the form of the potential for either system. Neutron-proton interactions, however,
are partially mediated through the exchange of a charged pion. For this interaction, the
charged-pion contribution to the potential can be derived by replacing the free-pion prop-
agator in Eq. (4.10) by the charged-pion propagator in a magnetic field, and by replacing
the partial derivatives appearing there with covariant derivatives. However, the form of the
charged-pion propagator leads to new features. With the gauge choice Aµ = (−Bx2, 0, 0, 0),
the propagator for the positively charged pion in coordinate space (cf. Eq. (2.17)) is given
by























where the pion displacement is rµ = x
′
µ − xµ, the average pion position is Rµ = 12(x
′
µ +






2. The notational change from
previous is intentional: in deriving the potential between two nucleons, rµ is the relative
nucleon separation and Rµ corresponds to the center-of-mass coordinate. The neutron-
proton potential derived using this propagator involves differentiation and a relative time
integral. Thus the potential contains the phase factor W†(r, R) = exp(ieBr1R2), where this
notation will be explained below. Due to this explicit phase factor, the two-nucleon potential
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depends on the relative, as well as, the center-of-mass coordinates.4 In field-theory parlance,
the potential for charged pion exchange is contained in the Lagrangian
L =
∫
d3x′ d3x p†(x′)n(x′)V (x′, x)n†(x)p(x), (4.14)
where, p(x) and n(x) correspond to field operators of the proton and neutron, respectively.
The gauge dependence of the potential V (x′, x) can only be compensated by gauge trans-
formations of the proton fields. In our approach, however, this is at odds with treating the
asymptotic proton states as free, which is reasonable for eB  M2N . Indeed, as we will see
in the next subsection, there is a way to obtain a gauge-invariant interaction by appending
appropriate Wilson lines to all heavy charged particles. Such a procedure was first eluci-
dated in Ref. [94] in a related context of heavy quarks interacting with gluon fields. In the
next section, we detail the proper treatment of heavy protons that does not violate gauge
invariance.
4.2.1 Gauge-Invariant Potential
In our conventions, the protons transform under a gauge change as
p(x)→ eieΛ(x)p(x) (4.15)
with an identical transformation for the positively charged pion, π+(x). One can introduce
a gauge-invariant field by dressing the bare charged field with a Wilson line. Let ∞ denote
any spatial point where the gauge function vanishes Λ(∞) = 0.5 The new charged field is
4 Such lack of separation between relative and center-of-mass motion generally occurs in the np system
due to the differing charge-to-mass ratios. When the masses are considered large, this difference vanishes
and we expect separation of the motion in such a limiting case. We establish this by symmetry principles
below.
5 For a uniform magnetic field, the point need not be (and often is not) at infinity. As an example,
Λ(x1, x2) = −Bx1x2 transforms the gauge Aµ = −Bx2δ1µ to Aµ = Bx1δ2µ, for which there are lines, not
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taken as
p(x) = W(x,∞)p(x), (4.16)
where the Wilson line is defined by
W(x′, x) ≡ eie
∫ x′
x dξµAµ(ξ), (4.17)
and it is sufficient to connect the points x and x′ via a straight-line path. Under a gauge
transformation Aµ → Aµ − ∂µΛ, we have the transformation of the Wilson line
W(x′, x)→ e−ieΛ(x′)W(x′, x)eieΛ(x). (4.18)
Due to the condition Λ(∞) = 0, the field p(x) is accordingly gauge invariant.
In the limit of eB/M2N → 0, analogous to the charged pion propagator in Eq. (4.13), the
proton propagator remains magnetic field dependent through the phase factor, namely
lim
eB/M2N→0
〈p(x′) p†(x)〉 = W†(x′, x)G0(x′, x), (4.19)
where G0(x
′, x) denotes the proton propagator in vanishing magnetic field. The appearance
of the phase factor W†(x′, x), is at odds with the heavy nucleon limit
L = −p̄ D
2
2MN




To obtain the correct heavy proton limit requires appending Wilson lines by hand. The
propagator of the corresponding gauge-invariant proton fields is
lim
eB/M2N→0
〈p(x′) p†(x)〉 = W(x′,∞)〈p(x′) p†(x)〉W†(x,∞) = G0(x′, x) (4.21)
just points, where this transformation vanishes, Λ(0, x2) = Λ(x1, 0) = 0.
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and properly corresponds to the free-particle propagator.
In considering the nuclear potential, the charged-pion exchange contribution arises from
a time integral over the propagator for the charged pion in a magnetic field, cf. Eq. (4.10).
This is consequently a gauge-dependent potential having the same transformation properties
(“∼”) as the charged-pion propagator
V (x′, x)→ eieΛ(x′)V (x′, x)e−ieΛ(x) ∼ 〈π+(x′)[π+(x)]†〉, (4.22)
which we have taken as the positively charged pion to correspond to the same V (x′, x) in
Eq. (4.14). It is thus possible to write the charged-pion exchange potential in the form
V (x′, x) = W†(x′, x)V(x′, x), (4.23)
where V(x′, x) is then necessarily gauge invariant. Given that the heavy proton fields and
V (x′, x) are all gauge variant, one can easily verify, however, that the Lagrangian is gauge
invariant. The situation is simplified dramatically by using the dressed proton fields, which
are gauge invariant, for we see
L =
∫
d3x′ d3x p†(x′)n(x′)W(x′,∞)V (x′, x)W†(x,∞)n†(x)p(x)
=
∫
d3x′ d3x p†(x′)n(x′)W(x′, x)V (x′, x)n†(x)p(x)
=
∫
d3x′ d3x p†(x′)n(x′)V(x′, x)n†(x)p(x), (4.24)
which is expressed solely in terms of the gauge-invariant part of the potential. Thus, we have
successfully extracted a gauge-invariant potential. Notice that it is simply obtained by re-
moving the troublesome phase factor coupling the relative and center-of-mass motion. This,
moreover, can be argued more generally. As translations are a subset of gauge transforma-
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tions for a uniform magnetic field, this gauge-invariant potential is necessarily translationally
invariant, V(x′, x) = V(x′−x) = V(r). This establishes the separation of relative and center-
of-mass motion in the heavy nucleon limit.
4.2.2 Yukawa Potential in a Magnetic Field
Before applying the insights from the last section to derive the one-pion exchange poten-
tial in background magnetic field, in this section, we explore the effects of strong magnetic
fields on a simpler system. We consider two heavy fermions interacting through an ex-
change of a charged particle in a large magnetic field. We assume a Yukawa-type-interaction
LI = −g(χ̄ψφ† + ψ̄χφ), where ψ and χ refer to charged and neutral heavy fermion fields,
respectively, and φ refers to a charged scalar field. The propagator for the scalar particle in
background magnetic fields is that in Eq. (4.13). This propagator can be utilized to calculate
the modification of Yukawa potential. Thus, the gauge-invariant Yukawa potential in the
presence of a strong external magnetic field, is given by





















Note, we have used the scaling s→ s/m2φ in writing the above form of the potential. Here,
κ = eB
m2φ
refers to the strength of the external magnetic field measured in units of m2φ, where,
mφ refers to the mass of the charged scalar field, r = rr̂ refers to the relative coordinate
vector of the two heavy fermions and the angle θ is defined with respect to the magnetic
field direction, r̂ · B̂ = cos θ. The θ dependence indicates that the potential is non-central.
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which, has the same coordinate dependence as the scalar part, VS, of the one-pion exchange
potential in zero magnetic field. In the weak external magnetic field limit (i.e. κ 1), one
obtains the following form for the potential (see Appendix D for details):


















Here, we see the first perturbative corrections to the Yukawa potential in the presence of
magnetic field. Both corrections are repulsive, and one reduces the spherical symmetry to
cylindrical symmetry.
An interesting limit of this potential to consider is the chiral limit mφ → 0. At weak
coupling (i.e. g  1) the interaction is still governed by an exchange of a single scalar. In
this limit (i.e. κ 1) one obtains (see Appendix D for details)











κ mφr| cos θ|
]
, (4.29)
or equivalently, in cylindrical coordinates














This limit of the potential can also be derived using a different approach. In large magnetic
fields, the excited states of a charged scalar are widely separated from its ground state.
Intuitively, therefore, only the lowest Landau level should contribute to the potential. This
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can be verified explicitly by using Schwinger’s proper-time representation of the potential









One can utilize the lowest Landau level, which is infinitely degenerate, as intermediate states
in the above expression to arrive at Eq. (4.29). The details of this calculation are provided
in Appendix D.
An intriguing dependence emerges in this limit. The chiral limit of the potential factor-
izes into transverse and longitudinal directions defined with respect to the direction of the
external magnetic field. The interaction is Gaussian in the transverse coordinate, whereas, it
has exponential dependence on the longitudinal coordinate. The chiral limit of the Yukawa
potential in zero magnetic field (which is simply a Coulomb-type interaction), by contrast,
is long-range and spherically symmetric.
In Fig. 4.3, we plot the Yukawa potential in the presence of the magnetic field and compare
it with the potential in vanishing magnetic field. By comparing the plots for these two
potentials, breaking of symmetry in the transverse and longitudinal directions is apparent.
In the presence of external magnetic field, the strength of the potential is lowered compared
to the Yukawa potential in vanishing magnetic field. In Fig. 4.4, we plot the chiral limit
(κ 1) of the potential utilizing the expression for the potential in Eq. (4.25) and compare
it with the asymptotic limit derived in Eq. (4.29). Careful observation of the plots reveals
that the transverse and longitudinal extents appear to match quite well, despite the cusp
appearing in the asymptotic chiral limit.
In the weak interaction limit (i.e. g  1) or in the large relative-momentum limit, one can
utilize the Born approximation to calculate scattering observables for the modified Yukawa
interaction. The derivation of the first-order Born amplitude does not assume spherical
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Figure 4.3: Contour plots for the Yukawa potential with and without an external magnetic
field. The x and y axes refer to ρ = r cos θ and z = r sin θ, respectively. (Note, for the
negative values on the x axis, we mean ρ = |ρ|). Left figure shows Yukawa potential in
the presence of a magnetic field, with the choice of parameter κ = 10. Figure on the right
corresponds to the potential in zero magnetic field. Center of the figure corresponds to the
maximum strength, while, the successive colored layers represent decrease in magnitude of
the strength of the potential.
symmetry and, thus, the scattering amplitude can be calculated from





where, µ refers to the reduces mass. The corresponding approximation to the differential
cross-section is given by
dσ
dΩ
= |f (1)(k′,k)|2. (4.33)
For the modified Yukawa potential in the presence of magnetic fields, we obtain






























Figure 4.4: Contour plots for the Yukawa potential in large magnetic fields. The x and y
axes refer to ρ = r cos θ and z = r sin θ, respectively. (Note, for negative values on the x
axis, we mean ρ = |ρ|). Left figure corresponds to the potential obtained using Eq. (4.25),
whereas, the right figure corresponds to the chiral limit expression derived in Eq. (4.29).
Choice of parameter for these plots is κ = 100. Center of the figure corresponds to the
maximum strength, while, the successive colored layers represent decrease in magnitude of
the strength of the potential.
Here, q = k′ − k is the momentum transfer and θq refers to the angle of the momentum
transfer, with respect to the external magnetic field direction (i.e. q̂ ·B̂ = cos θq). The latter










which leads to the expression





















and thus we reproduce the scattering amplitude for the Yukawa potential in zero magnetic
field.
In Fig. 4.5a and Fig. 4.5b, we plot the ratios of the differential cross-sections with and



























Figure 4.5: The ratios of the differential cross-sections with [dσ/dΩ] and without [(dσ/dΩ)Y ]
magnetic fields (a) for the intermediate (κ = 1), and (b) for large (κ = 5) magnetic field
strengths.
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without magnetic fields for different magnetic field strengths (κ = 1 and κ = 5). For lower
q values, there is a reduction in the scattering cross-section and the reduction becomes
considerable as the strength of the external magnetic field increases. There is also a strong
dependence on θq for large fields, which is to expected, given the lack of spherical symmetry
in the presence of a magnetic field. In the limit q → 0 limit, different θq values appear to
converge at the same value of the scattering cross-section. This is in accordance with the long
wavelength limit of scattering, since, in this limit one cannot resolve short-distance features
of the potential, such as the lack of spherical symmetry. At the intermediate values of q,
however, one begins to resolve the internal structure of the potential and in this range, and
the cross-section due to the modified potential is about the same size as that of cross-section
from zero-field Yukawa interaction and there is significant θq dependence. Finally, in the
limit q → ∞, the differential cross-section is identical to that of Yukawa interaction. In
this limit of large momentum transfer, both the (zero-field Yukawa and modified Yukawa)
interactions essentially vanish.
To end this chapter, we provide a brief summary of the results obtained. We have
analyzed a simple model of two heavy fermions in a large magnetic field, interacting through
a Yukawa-type interaction. This model potential shares similar features to those related
to the problem of two-nucleon interactions in large magnetic fields. We have solved the
difficulties encountered in calculating the two-heavy-fermion potential in the presence of
magnetic fields, by correctly appending the appropriate Wilson lines to heavy particles. We
studied the large and small magnetic field limit of this potential and finally calculated the
differential scattering cross-sections in Born approximation within this simple system. We
provide the expression for the modified one-pion exchange potential in large magnetic fields
in Appendix C.
An avenue for further investigation with the simple Yukawa exchange in magnetic field
is to solve the Schrödinger equation with the potential obtained in Eq. (4.25) to assess the
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effects of external magnetic fields on bound states. Based on the analysis carried out above, it
is quite likely that a bound state in an external magnetic field will become unbound at some
critical magnetic field strength. This is evidenced by the repulsive nature of the perturbative
magnetic field corrections in Eq. (4.28), as well as the extremely short-ranged behavior seen
for massless exchange, Eq. (4.29). Connection with diverging scattering lengths, via Eq. (4.1),
requires an extention of the partial-wave analysis to the case of low-energy scattering from
a non-central potential.
The investigations carried out in this chapter, moreover, form a basis for a comprehensive
analysis of realistic two-nucleon interactions in the presence of large magnetic fields. While
we are able to derive the charged one-pion exchange potential (see Appendix C), a tensor
decomposition is currently lacking and is required to disentangle contributions to the different
angular momentum channels, as well as their mixing. Here, analysis of bound and scattering
states will require regularization and renormalization.6 Such a study will reveal the interplay
between fine-tuned nuclear interactions and an external magnetic field, hopefully confirming
our näıve power counting of the magnetic field. To this end, investigation of the higher-order
corrections, such as, proton Landau levels, nucleon magnetic moments, and magnetic-field
dependent contact interactions would be of benefit.
6 One might hope that the addition of a magnetic field will soften the short-distance behavior of the
potential. As divergences at the origin lie at a length much smaller than the magnetic confinement scale,
however, this hope is not likely fulfilled. For example, the modified Yukawa potential in Eq. (4.25) still
behaves as ∼ 1/r near the origin.
Chapter 5
Summary and Outlook
In this work, we have taken steps to understand the alteration in the dynamics of hadrons
caused by such large electromagnetic fields. Specifically, we investigated the modification of
the properties of the low-lying octet of baryons in the presence of strong uniform magnetic
fields, using the framework of χPT. Within this framework, we also studied the modifica-
tion of two-nucleon-interactions due to the Landau levels of charged pions, which play an
important role in mediating interactions between nucleons
To summarize our work on single-baryon properties: In Chapter 3, we determined en-
ergies of the octet baryons in large, uniform magnetic fields using heavy baryon χPT. The
calculation employed a modified power-counting scheme that treats the magnetic field non-
perturbatively compared with the square of the meson mass, Eq. (2.3). The analytic expres-
sions obtained for baryon energies are summarized in Sec. 3.3. These results correspond to
O(ε3) in the combined heavy-baryon and chiral expansion, although we have not adhered
to a strict power counting. Instead, we resum a subset of SU(3)V breaking effects. The
framework that we elaborated on in this chapter also allowed us to determine the known
χPT results for octet baryon magnetic moments, and partially known results for electric
polarizabilities, which are provided in Appendix A, for completeness. Based on our analysis
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of the octet baryon energies, we make the following observations.
• While evaluation of the magnetic-field dependence of baryon energies is possible using
phenomenological values for the various couplings, the transition dipole moment be-
tween the decuplet and octet baryons presents a critical issue. The value determined
from the electromagnetic decays of the decuplet is large enough to require careful treat-
ment of mixing with decuplet states in uniform magnetic fields, see Sec. 3.4.1. For the
I3 = 0 baryons, Σ
∗0, Σ0, and Λ, their coupled three-state system is detailed in Ap-
pendix B. Adhering to a more strict power counting, the extracted value of the baryon
transition moment can be reduced, as detailed in Sec. 3.4.2. This reduction in value,
however, is still not enough to produce nucleon magnetic polarizabilities close to their
smaller experimental values. Within the heavy-baryon approach, the commonplace
solution is to promote higher-order counterterms in order to provide the necessary dia-
magnetic contributions. We detail consequences of this hypothesis for the baryon octet
in Sec. 3.4.3, using U -spin and large-Nc arguments. Possible anatomy of the magnetic
polarizabilities of the octet baryons is presented in Table 3.3. The large variation of
results over the different scenarios considered does not currently allow for predictions
to be made. Forcing the nucleon polarizabilities to take on their experimental values,
however, does not rule out large paramagnetic polarizabilities for other members of the
octet (the Σ+ and Ξ0 baryons in particular).
• In Sec. 3.5, we adopted the experimental nucleon magnetic polarizabilities, and best
guesses for the remaining members of the octet, to investigate the magnetic-field de-
pendence of baryon energies, see Figs. 3.6 and 3.7. The p and Σ+ energies appear
remarkably linear after accounting for effects beyond O(B2). The electrically neutral
baryons exhibit a good degree of cancellation of these higher-order effects in the en-
ergies of spin-up states, but not for their spin-down states. The Σ− and Ξ− appear
CHAPTER 5. SUMMARY AND OUTLOOK 77
rather point-like and rigid, magnetically speaking.
In Chapter 4, we turned our attention to the interactions between two-nucleons in the
presence of large uniform magnetic fields. We analyzed the effects of such large magnetic
fields on a model system consisting of heavy fermions, interacting through a Yukawa-type
interaction. The Yukawa interaction is generated through the exchange of a charged scalar
field. This model captures some of the essential details of the one-charged-pion exchange
contribution to two-nucleon interactions in external magnetic fields.
Fortunately, non-trivial issues related to non-separability of the center-of-mass and rela-
tive motion in the presence of magnetic fields can be avoided. Our analysis of the modified
Yukawa interaction is necessarily restricted to the treatment of Landau levels solely of the
charged scalar particle. The problem of non-separability, stems from a phase factor in the
charged-scalar exchange potential, but requires proper treatment of charged heavy fields to
maintain gauge invariance. Appending the appropriate Wilson lines allowed us to identify
a gauge-invariant potential that only depends on the relative separation between the two
heavy fermions. With this procedure, we then calculated the potential between two heavy
fermions, Eq. (4.25), and analyzed the expression in large and small magnetic field limits.
The potential obtained in this section was also used to calculate the scattering cross-section
using first-order Born approximation. Finally, we provide the results for the modification of
the one-pion exchange potential in Appendix C.
The results obtained in this thesis can be utilized to address the pion-mass and magnetic-
field dependence of baryon energies, which are relevant for lattice QCD computations of
magnetic polarizabilities. The study of octet baryons in large magnetic fields, furthermore,
provides a diagnostic on the potentially large paramagnetic contributions from decuplet
states. To this end, refined χPT computations (incorporating loop contributions to the
baryon transitions, and exploring alternative power-counting schemes for inclusion of the
decuplet) appear necessary. In lieu of experimental results for these baryons, moreover,
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lattice QCD can provide the necessary information to disentangle long-range (charged pion
loops, and decuplet mixing) from short-range (promoted counterterm) contributions. While
this would require a dedicated effort, longstanding puzzles may be illuminated with future
lattice QCD results.
The results obtained for two-nucleon interactions form a basis for a more comprehensive
treatment of the two-nucleon interactions necessary for EFT calculations (of bound states
and scattering observables) as a function of the magnetic field. The problems that we solved
in determining the potential for a model system are relevant in the realistic treatment of
two- , and potentially, multi-nucleon forces using χEFT. In this thesis, we restricted our
analysis of baryon interactions to the SU(2) flavor case. Our analysis can be extended to
include hyperons, and a detailed treatment of hyperon-nucleon interactions in large magnetic
fields may be relevant in extreme astrophysical environments, such as magnetars.
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Appendix A
Magnetic Moments and Electric
Polarizabilities
For completeness, we utilize the results of the main text to determine the magnetic moments
and electric polarizabilities of the octet baryons to O(ε3). For magnetic moments, this
represents the next-to-leading order result, as tree-level contributions from the operators in
Eq. (3.3) scale as O(ε2); while, for electric polarizabilities, this order constitutes the leading-
order result. For the latter, we determine a value for the electric polarizability of the Σ0–Λ
transition, a quantity that appears to be overlooked in the literature; however, it is an order
of magnitude smaller than the diagonal matrix elements.
To determine magnetic moments, notice that the computation of the spin-dependent
baryon energies, Eq. (3.12), has been renormalized by a subtraction of the zero magnetic
field results. This regularization-independent subtraction removes the ultraviolet divergences
of loop diagrams. Carrying out the computation of the loop diagrams using dimensional
regularization, by contrast, allows one to renormalize the chiral-limit magnetic moments,
and thereby determine the corrections away from the chiral limit. This is the way in which
one recovers the known results for chiral corrections to the baryon magnetic moments [114–
116], namely












where the loop function depends on the baryon mass splittings, and is given by
F1(y) =
√




y2 − 1 + iε
y +
√
y2 − 1 + iε
)
+ y log(4y2), (A.2)
and has been renormalized to vanish in the chiral limit for ∆B > 0, that is F1(∞) = 0.
Notice further the value of the loop function for vanishing mass splitting, F1(0) = π. The
tree-level coefficients, Q and αD, appear in Table 3.1, while the loop coefficients, AB, and
splittings, ∆B, are given in Table 3.2. The factors S1B from the spin algebra are those
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Table A.1: Octet baryon magnetic moments and electric polarizabilities determined using
χPT, along with experimental values [1]. (The two starred values are derived from experi-




(µΣ+ + µΣ−), and assign an additional one-percent uncertainty in quadrature.
This moment is not included in the fits. As only |µΣ0Λ| has been measured, moreover, we
take the sign consistent with SU(3)V symmetry given that expectations for SU(3)V breaking
are ∼ 30% rather than ∼ 200%. The transition moment is included in the fits.) All values for
magnetic moments are given in nuclear magnetons, while electric polarizabilities are given
in units of 10−4 fm3. While χPT results have been quoted to two decimal precision, this does
not necessarily reflect the accuracy of the computed values.
B µB : O(ε
2) µB : O(ε
3) µexpt.B αE : O(ε
3) αexpt.E
p 2.59 3.12 2.793(0) 11.53 11.2(4)
n −1.65 −2.17 −1.913(0) 11.09 11.8(11)
Λ −0.82 −0.33 −0.613(4) 6.41 −
Σ+ 2.59 2.38 2.458(10) 11.26 −
Σ0 0.82 0.61 ∗ 0.649(15) 7.69 −
Σ− −0.94 −1.15 −1.160(25) 9.06 −
Ξ0 −1.65 −0.84 −1.250(14) 4.68 −
Ξ− −0.94 −0.41 −0.650(3) 2.72 −
Σ0 → Λ 1.43 1.65 ∗ 1.61(8) −0.45 −
appearing in Eq. (3.12). From a least-squares analysis, we fit µD and µF using the experi-
mentally measured magnetic moments, and Σ0–Λ transition moment. The fit is performed
at tree-level, and the leading one-loop order. Results are provided in Table A.1, and show
reasonable agreement with experiment, with the exception of the Λ baryon which differs
considerably when the one-loop corrections are taken into account. We have also performed
fits treating the tree-level computation in baryon magneton units, i.e. by considering the
Coleman-Glashow operators with a factor 1/MB that depends on the octet baryon state.
These fits largely show a systematic improvement between tree-level and leading-loop order,
however, the Λ remains problematic. For this reason, we do not tabulate baryon magneton
fit results.
The baryon electric polarizabilities can be determined in χPT. One way to obtain the
electric polarizabilities of the octet baryons is to determine the energy levels in the presence of
a weak uniform electric field. Within the heavy baryon approach, the acceleration of charged
baryons does not become relevant in loop diagrams until O(ε4). Thus, using the procedure
outlined in Ref. [43], we obtain the standard expression for meson loop contributions to the
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where α is the fine-structure constant, the AB coefficients are tabulated in Table 3.2, the











y2 − 1 + iε
y +
√
y2 − 1 + iε
)
, (A.4)
which has the particular value F2(0) = 5π. The pion loop contributions to these results
agree with those in Ref. [61, 62, 65] for nucleon electric polarizabilities, and the octet loop
contributions to hyperon electric polarizabilities agree with those determined in Ref. [80].
The electric polarizabilities obtained from Eq. (A.3) are collected in Table A.1. The nucleon
electric polarizabilities determined in three-flavor χPT agree well with experiment, and this
is to be expected given the dominance of the pion loop contributions. The small difference
between proton and neutron polarizabilities is attributable to differing kaon loop contri-
butions, and is comparable to the experimental uncertainties. The previously overlooked
transition polarizability between the Σ0 and Λ baryons is predicted to be negative and an
order of magnitude smaller than the diagonal polarizabilities in this system. This smallness
occurs because only the kaon loops contribute.
Appendix B
Coupled I3 = 0 Baryons
In large magnetic fields, the size of the baryon transition moment, µU , may lead to non-
perturbative mixing between decuplet and octet baryons. Here, we consider the effects of
mixing in the coupled system of three I3 = 0 baryons. Accounting for the magnetic moment
interactions, this system is described by the Hamiltonian
H =




2mµΣ∗0 µΣ∗0Σ0 µΣ∗0ΛµΣ∗0Σ0 2mµΣ0 2mµΣ0Λ
µΣ∗0Λ 2mµΣ0Λ 2mµΛ
 , (B.1)
which has been written in the basis
Σ∗0Σ0
Λ
, with m = ±1
2
denoting the spin projection along
the magnetic field. To simplify the analysis slightly, we take µΣ∗0 = 0, which is the U -spin
prediction and consistent with nearly all calculations, see Ref. [91]. The magnetic moment
of the Λ baryon is taken as the experimental one, and the starred experimental values of
Table A.1 are used for µΣ0Λ and µΣ0 . The baryon transition moments are given in terms of
the U -spin symmetric coefficient µU as: µΣ∗0Σ0 = − 12√3µU and µΣ∗0Λ =
1
2
µU . To assess the
size of mixing in this three-state system, we adopt the numerical value for µU determined in
Sec. 3.4.1. While the energy eigenvalues of the Hamiltonian in Eq. (B.1) can be determined
as the roots of a cubic polynomial, the analytic expressions offer little insight. The magnetic
field dependence of the eigenstate energies of Eq. (B.1) is shown in Fig. B.1. For comparison,
we determine the energies with Σ∗0 mixing treated perturbatively. This approximation is
described by the Hamiltonian
H =
















which accounts for mixing among Σ0 and Λ, but only treats the Σ∗0 through the pole diagram,
see Fig. 3.1. For the value of µU employed, mixing with the Σ
∗0 is seen to be appreciable for
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Figure B.1: Assessment of the magnetic field dependence of eigenstate energies in the coupled
Σ∗0–Σ0–Λ system. On the left, solid curves correspond to the energy shifts, ∆E = E −MΛ,
of the eigenstates of Eq. (B.1), which treats the magnetic moments of the I3 = 0 baryons
to all orders, with black curves for spin-up states and blue curves for spin-down states. The
dashed curves correspond to the energies obtained by treating mixing with the Σ∗0 baryon
perturbatively, according to Eq. (B.2). On the right, the mixing angles θ and φ of Eq. (B.3)
are plotted as a function of the magnetic field, with black for spin-up states and blue for
spin-down states.
eB/m2π & 2. A way to write spin-up eigenstate of lowest energy, |λ−〉, is in terms of mixing
angles θ and φ defined through the relation
|λ−〉 = cosφ cos θ |Λ〉+ cosφ sin θ |Σ0〉+ sinφ |Σ∗0〉. (B.3)
For the spin-down eigenstate of lowest energy, we use the opposite sign phase convention
for θ, which accounts for the sign flip in the off-diagonal Σ0–Λ matrix elements. In this
decomposition, no mixing with the Σ∗0 baryon corresponds to φ = 0, for which θ is the
mixing angle of Eq. (3.21). In Fig. B.1, we show the magnetic-field dependence of the
mixing angles determined from the eigenvector |λ−〉 of Eq. (B.1). The figure shows that
mixing with the Σ∗0 baryon is expected to be almost as important as Σ0–Λ mixing.
In Sec. 3.5 of the main text, we move beyond the above assessment of Σ∗0–Σ0–Λ mixing
to consider additionally the magnetic polarizabilities and charged-meson loop effects. The
results shown in Fig. 3.7 are obtained from the lowest two eigenvalues of the Hamiltonian
H =




2mµΣ∗0 µΣ∗0Σ0 µΣ∗0ΛµΣ∗0Σ0 2mMΣ0 2mMΣ0Λ
µΣ∗0Λ 2mMΣ0Λ 2mMΛ
 , (B.4)
where the spin-independent entries, EB, are given in Eq. (3.45), and the spin-dependent
entries, MB, are given in Eq. (3.46). In contrast with Eq. (B.1), the transition moments
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in Eq. (B.4) are taken to be the values rescaled by
√
γ, with γ given in Eq. (3.36). These
eigenvalues are compared with those obtained from retaining all O(B2) contributions to the
two-state problem, i.e. eigenvalues of
H =
(
MΣ + ∆EΣ0 ∆EΣ0Λ
∆EΣ0Λ MΛ + ∆EΛ
)
, (B.5)
where the ∆E matrix elements are given by Eq. (3.43).
Appendix C
One-Pion Exchange Potential
In this appendix, we provide the details of the computations of one-pion exchange potential
in vanishing external magnetic field, as well as, the modified potential in the presence of a
large external magnetic field.
C.1 One-Pion Exchange Potential in Zero Magnetic
Field
In zero magnetic field, the potential can be obtained by differentiating and integrating the
free-pion propagator over relative time separation as






d(x′4 − x4)G0(x′, x)
























































































































where, the tensor operator S12 is S12 = 3(σ
′ · r̂)(σ · r̂)− σ′ · σ and r = |x′ − x|.
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C.2 Modified One-Pion Exchange Potential
Combining the insights from Chapter 4, we derive the gauge-invariant charged-pion exchange
contribution to the neutron-proton potential. Analogous to the procedure outlined above,
we can write down the expression for the modified one-pion exchange by replacing the free-
pion propagator with the pion propagator in the presence of external mangetic fields and by
replacing the ordinary derivatives with covariant derivatives as
V(r)




























































3) and M is given by
M =− 2




 (c21r22 − c22r21) c1c2(r21 + r22)− [c21 + c22] r1r2 c3r3(c1r2 + c2r1)−c1c2(r21 + r22)− [c21 + c22] r1r2 (c21r21 − c22r22) −c3r3(c1r1 − c2r2)
−c3r3(c1r2 + c2r1) c3r3(c1r1 − c2r2) −c23 r23
 .
Notice, the limit B → 0 reproduces the zero-magnetic field one-pion exchange potential.
Although, the calculations were carried out with a particular choice of gauge, the potential
obtained here should be independent of the choice of gauge, according to the discussions in
Sec. 4.2.
Appendix D
Limits of the Modified Yukawa
Potential
In this appendix, we derive the form of the modified Yukawa potential in various limits of κ.
Weak external magnetic field limit corresponds to κ  1, whereas, chiral limit corresponds
to κ 1.
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D.1 Weak Field Limit (i.e. κ 1)
By expanding the expression in Eq. (4.25), in powers of κ 1, we obtain
































































































































































where, ellipsis denote neglected higher order terms in κ.
D.2 Chiral Limit (i.e. κ 1)
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κ mφr| cos θ|
]
, (D.2)
Lowest Landau Level Approach
As mentioned in Chapter 4, this limit of the potential can also be derived by using Schwinger’s
proper-time representation of the potential and by considering only the lowest Landau level
eigenfunctions as follows:




























































with eigenfunctions that can be characterized by the Landau level number n and the z-
component of orbital angular momentum m. Above, Ĥ refers to the Landau proper-time
Hamiltonian for a charged relativistic particle in a symmetrical gaugeAµ =
1
2
(−Bx2, Bx1, 0, 0).


































. The lowest Landau level has energy E0 = eB
and consists of infinitely many states having m ≥ 0 [117]. Considering only these states in
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the sum over states, we arrive at

























































This procedure does produce a phase factor which depends on the center-of-mass coordinates.
Following the discussion of Chapter 4, the gauge-invariant potential is simply obtained by
removing the phase factor that appears in the above equation. Removal of this phase leads
to














which is identical to the form of the potential obtained in Eq. (4.30).
